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LOCAL MODEL FOR THE MODULI SPACE OF AFFINE
VORTICES
SUSHMITA VENUGOPALAN AND GUANGBO XU
Abstract. We show that the moduli space of regular affine vortices, which
are solutions of the symplectic vortex equation over the complex plane, has the
structure of a smooth manifold. The construction uses Ziltener’s Fredholm theory
results [31]. We also extend the result to the case of affine vortices over the upper
half plane. These results are necessary ingredients in defining the “open quantum
Kirwan map” proposed by Woodward [24].
Keywords: affine vortices, symplectic quotient, gauged Gromov-Witten the-
ory, moduli space
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1. Introduction
A vortex consists of a connection on a complex vector bundle over a Riemann
surface and a section holomorphic with respect to that connection. They also
satisfy an equation involving the curvature of the connection and a nonlinear term
depending on the section. Vortices initially arose in Ginzburg-Landau theory of
superconductivity ([17], [11]), but they have since appeared in various areas of
mathematics and physics. For example, they are related to Weil’s scheme of torsion
quotients [2][3], knot invariant [7] and Chern-Simons theory [8]. In symplectic
geometry they are also generalized to nonlinear target spaces [6] [13, 14], which
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2 VENUGOPALAN AND XU
form the foundation of the symplectic gauged Gromov-Witten theory (see also [5]
[15]).
The main objects we consider in this paper are affine vortices, which are vortices
over the affine complex line C. Our motivation comes from the role of affine vortices
in the quantum Kirwan map conjecture proposed by D. Salamon and studied by
Gaio-Salamon [9], Woodward [25] and Ziltener [31]. Affine vortices will also play a
similar role in the project of the second named author and G. Tian (see [18, 19, 20])
on the mathematical construction of the gauged linear σ-model.
Our basic setting is as follows. Let K be a compact Lie group and X be a
Hamiltonian symplectic K-manifold. An affine vortex is a pair v = (A, u), where
A is a connection on the trivial principal bundle P := C × K and u is a section
on the associated bundle P ×K X that satisfies the holomorphicity and vortex
equations:
∂Au = 0, FA + µ(u)dsdt = 0.
Here FA is the curvature A and µ : X ' k is the moment map. The above equation
has a gauge symmetry and each gauge equivalence class of solutions represents
an equivariant homology class β ∈ HK2 (X;Z) (see Remark 2.8). We can define
a topology, called the compact convergence topology (see Definition 2.4) on the
moduli space MK(C, X; β) of gauge equivalence classes of solutions representing
the class β.
In this paper, we study the local structure of the moduli space of affine vortices.
This is an important step in defining the counting of affine vortices, or more gen-
erally, the virtual integration over their moduli spaces. More specifically, for an
affine vortex v, we define a linear differential operator Dˆv (see (2.5) below), which
describes the infinitesimal deformation of affine vortex. v is called regular if Dˆv is
surjective (after extending to a bounded operator between Sobolev spaces). The
following is our main result.
Theorem 1.1. Let (X,ωX) be a Hamiltonian K-manifold with moment map µ :
X → k such that the K-action on µ−1(0) is free. Given a K-invariant, ωX-
compatible almost complex structure J on X.
(1) The moduli space MK(C, X; β)reg of gauge equivalence classes of regular
affine vortices representing an equivariant homology class β ∈ HK2 (X;Z)
has the structure of a smooth manifold of dimension dim(X)− 2 dim(K) +
2〈cK1 (TX), β〉. Here cK1 (TX) ∈ H2K(X;Z) is the equivariant first Chern
class of X.
(2) The manifold topology coincides with the compact convergence topology.
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Remark 1.2. The main result of this paper seems obvious to symplectic geometers,
especially for that Ziltener has already obtained a Fredholm result and given the
dimension formula in [31]. We would like to explain in this remark the subtlety
of our result. Typically, in a moduli problem such as defining Gromov-Witten
invariants or Floer homology, a moduli space can be realized as the zero locus of
a smooth section F : B→ E where B is a Banach manifold and E is a Banach
bundle over B. The way of setting up such a framework using Sobolev or weighted
Sobolev spaces in Gromov-Witten and Floer theory has been standard knowledge.
It is also an easy regularity result that the topology on the moduli space defined
by a rather weak notion of convergence is equivalent to the topology induced from
the Banach manifold B. Therefore, in particular, if F is transverse, the moduli
space inherits a smooth manifold structure.
For affine vortices, this stereotype cannot be taken for granted. In [31], Ziltener’s
study of a linear Fredholm operator D : X→ Y only describes the infinitesimal
deformation formally, since he neither explicit defined any Banach manifold that
has tangent space X, nor proved that the kernel of D parametrizes a neighborhood
of the moduli space in the transverse case. We would like to establish Theorem 1.1
under essentially the same framework as [31], by adopting the Banach space X as a
local chart of a Banach manifold. The difficult part is to show that the topology of
the moduli space, which is defined by convergence (modulo gauge transformation)
over compact subsets, coincides with the (stronger) topology induced from the
Banach space X, which has certain condition on the rate of decay at infinity. This
is essentially a regularity result, whose proof occupies a large portion of this paper.
For example, we need to establish the local slice theorem for the noncompact
domain C and the specifically chosen weighted Sobolev norm. Only after proving
those technical results, one can say that Ziltener’s work on the linear level is indeed
the correct one for studying infinitesimal deformations of affine vortices.
Remark 1.3. Our theorem is proved for a fixed almost complex structure J on X.
In [28] and the forthcoming [26], to achieve transversality, one needs to use almost
complex structures which depend on the points of the domain, and which coincide
with a fixed J near infinity. The restriction of using a fixed J won’t invalidate our
application. More generally, one can construct virtual cycles on the moduli spaces
using abstract perturbations in the absence of transversality. Our regularity result
is also a prerequisite for such construction.
There is also an algebraic approach towards the local structure of the moduli
space of affine vortices. In [25] Woodward used the Behrend-Fantechi machinery
[1] to construct a perfect obstruction theory on the moduli space of affine vortices
and proved Salamon’s conjecture on the quantum Kirwan map in the algebraic
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case. Nonetheless, a symplectic geometric description of the moduli space has the
advantage of being generalizable to the open case, i.e. to the case of vortices defined
on the upper half of the complex plane with boundary in a Lagrangian submanifold.
Conjectured by Woodward in [24], counting vortices on the half-plane leads to an
open quantum Kirwan map, which is supposed to intertwine the A∞ structures on
X and its symplectic quotient X//K. The definition of this map is the ongoing
project of the second named author with Woodward (see [22, 28, 26]). Towards
this direction, in the appendix of this paper, the second named author proves the
analogue of Theorem 1.1 in the open case.
The remaining of this paper is organized as follows. In Section 2 we recall the
basic notions and preliminary results about affine vortices. In Section 3 we prove
the main theorem, while leaving the proof of four technical results to Section 4–7.
In particular in Section 4 we reproduce the proof of Ziltener’s Fredholm result. In
the appendix the parallel discussion for affine vortices over the upper half plane is
provided.
Acknowledgements. We would like to thank Chris Woodward for sharing
many ideas and many valuable discussions. We would like to thank Fabian Ziltener
for valuable comments on the preliminary version of this paper.
The first named author was a post-doctoral fellow at Chennai Mathematical
Institute when part of the paper was written.
2. Preliminaries
Let K be a compact connected Lie group with Lie algebra k. Suppose K acts on
a symplectic manifold (X,ωX). Suppose the action is Hamiltonian, namely, there
is a moment map, i.e., a K-equivariant map µ : X → k∨ such that
ωX(Xa, ·) = d〈µ, a〉, ∀a ∈ k.
Here Xa ∈ Γ(TX) is the infinitesimal action of a, and we follow the convention
that a 7→ −Xa is a Lie algebra homomorphism.
We choose, once and for all, a K-invariant, ωX-compatible almost complex struc-
ture J on X. Let G be the complexification of K, with Lie algebra g ' k⊗C. The
infinitesimal action extends to a linear map g→ Γ(TX) as g 3 a+ ib 7→ Xa +JXb.
Choose on k an Ad-invariant metric which identifies k with k∨. We view µ as
k-valued.
An important assumption throughout this paper is the following.
Assumption 2.1. The K-action on µ−1(0) is free.
Then we obtain a smooth symplectic quotient
X¯ := X//K := µ−1(0)/K.
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We also need a K-invariant Riemannian metric with respect to which µ−1(0)
is totally geodesic. To construct such a metric, start with an arbitrary one such
that µ−1(0) is totally geodesic, then integrate over K against the Haar measure to
obtain a K-invariant metric. Notice that the integration will preserve the totally
geodesic condition. Let exp be its exponential map.
2.1. Symplectic vortices. Let B be a closed subset of C with smooth boundary
(the bordered case will be discussed in Appendix A), on which one has the standard
Euclidean coordinate z = s + it. In many cases we are particularly interested
in B = BR, the radius R closed disk centered at the origin, and B = CR, the
complement of IntBR.
Definition 2.2.
(1) A gauged map from B to X is a triple v = (u, φ, ψ) : B → X × k× k.
(2) A vortex on B is a gauged map v = (u, φ, ψ) that solves the equation
(2.1) ∂su+Xφ(u) + J(∂tu+Xψ(u)) = 0, ∂sψ − ∂tφ+ [φ, ψ] + µ(u) = 0.
(3) The energy of a gauged map v = (u, φ, ψ) is
E(v) :=
1
2
(
‖∂su+Xφ(u)‖2L2(B) + ‖∂tu+Xψ(u)‖2L2(B) + ‖∂sψ − ∂tφ+ [φ, ψ]‖2L2(B) + ‖µ(u)‖2L2(B)
)
.
(4) A gauged map v = (u, φ, ψ) is called bounded if it has finite energy and
the image of u has compact closure. A collection of gauged maps vα =
(uα, φα, ψα) is called uniformly bounded if their energies have an upper
bound and the images of all uα are contained in a common compact set.
(5) An affine vortex is a bounded vortex on B = C.
Remark 2.3. A few classification results of affine vortices are worth mentioning here.
The first is due to Taubes ([17], [11]) in the case when the target is the complex
line with the standard action of S1. This result was generalized to the case of
the standard S1 action on Cn by the second named author [27]. A classification
in the general toric case was provided by Gonza´lez-Woodward [10]. In [21] the
first named author and Woodward proved a Hitchin-Kobayashi correspondence for
affine vortices when the target has the structure of an affine or projective variety.
There is a coordinate-free formulation of (2.1) over a general Riemann surface.
However in this paper we do not need the general form but express everything in the
local coordinates. A gauge map v = (u, φ, ψ) is also denoted by a pair (u, a) where
a = φds + ψdt is a k-valued 1-form. We use these two notations interchangeably.
The curvature of a is
Fa = ∂sψ − ∂tφ+ [φ, ψ].
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Moreover, for any k-valued 1-form α = ηds+ ζdt, write
daα = ∂sζ + [φ, ζ]− ∂tη − [ψ, η], d ∗aα = −
(
∂sη + [φ, η] + ∂tζ + [ψ, ζ]
)
.
A map g : B → K is called a gauge transformation, which acts (on the left)
on a gauged map v = (u, φ, ψ) as
g · (u, φ, ψ) = (g · u, gφg−1 − g−1∂sg, gψg−1 − g−1∂tg).
The infinitesimal gauge transformation for h : B → k is
(2.2) h 7→ (Xh(u), −∂sh− [φ, h],−∂th− [ψ, h])
Definition 2.4. A sequence of smooth vortices vi on B converges to a limit v∞
in the compact convergence topology (c.c.t. for short) if 1) the sequence is
uniformly bounded; 2) there exist smooth gauge transformations gi : B → K such
that gi · vi converges smoothly to v∞ on compact subsets of B; 3) E(vi) converges
to E(v∞).
The set of all smooth bounded vortices over B is denoted by M˜K(B,X). The
quotient of M˜K(B,X) by gauge equivalence is denoted by MK(B,X), equipped
with the compact convergence topology. For v ∈ M˜K(B,X), denote by [v] ∈
MK(B,X) the corresponding gauge equivalence class. Given k ≥ 1 and p > 2, we
also consider M˜K(B,X)k,ploc , i.e., the set of vortices of regularity W
k,p
loc .
2.2. Linearized operators. Abbreviate EX = TX, E
+
X = TX ⊕ k⊕ k where the
last two factors are trivial bundles with fibre k. For any continuous map u : B → X,
denote
Eu = u
∗TX, E+u = Eu ⊕ k⊕ k.
For any gauged map v = (u, φ, ψ) from B to X and an infinitesimal deformation
ξ = (ξ, η, ζ) ∈ Γ(B,E+u ), one can identify a nearby gauged map v′ = expv ξ :=
(expu ξ, φ+ η, ψ + ζ) where exp is the exponential map of the metric we chose for
which µ−1(0) is totally geodesic. On the other hand, using the parallel transport
of the Levi-Civita connection ∇ of the metric g determined by ωX and J , one
identifies Eu with Eu′ and hence can differentiate the left-hand-side of (2.1).
The derivative of (2.1) at a vortex v = (u, φ, ψ) on B ⊂ C is given by
Dv : Γ
(
B,E+u
)→ Γ(B,Eu ⊕ k),
(ξ, η, ζ) 7→
 ∂sξ +∇ξXφ + J(∇tξ +∇ξXψ) + (∇ξJ)(∂tu+Xψ) +Xη + JXζ
∂sζ + [φ, ζ]− ∂tη − [ψ, η] + dµ(u) · ξ
 .
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We will also abbreviate
∇a

ξ
η
ζ
 = ds⊗

∇sξ +∇ξXφ
∂sη + [φ, η]
∂sζ + [φ, ζ]
+ dt⊗

∇tξ +∇ξXψ
∂tη + [ψ, η]
∂tζ + [ψ, ζ]
(2.3)
∇a is then a metric connection on E+u with respect to the metric ωX(·, J ·).
Since the moduli space is defined by quotienting the space of vortices by gauge
transformations, we include a gauge fixing condition.
Definition 2.5. Given a gauged map v = (u, a) from B to X, another gauged map
from B to X of the form v′ = (expu ξ, a + α) is in Coulomb gauge with respect
to v if
(2.4) d ∗aα + dµ(u) · Jξ = 0.
Here the left-hand-side is actually the formal adjoint of (2.2). The augmented
linearized operator Dˆv : Γ(B,E
+
u )→ Γ(B,E+u ) is defined by
(2.5)
ξ
η
ζ
 7→

∇sξ +∇ξXφ + J(∇tξ +∇ξXψ) + (∇ξJ)(∂tu+Xψ) +Xη + JXζ
∂sη + [φ, η] + ∂tζ + [ψ, ζ] + dµ(u) · Jξ
∂sζ + [φ, ζ]− ∂tη − [ψ, η] + dµ(u) · ξ

where the left-hand-side of (2.4) is inserted as the second entry.
2.3. Asymptotic behavior of C-vortices. Given a gauged map v = (u, φ, ψ),
define its energy density function by
e(v) =
1
2
[
|∂su+Xφ(u)|2 + |∂tu+Xψ(u)|2 + |∂sψ − ∂tφ+ [φ, ψ]|2 + |µ(u)|2
]
.
Proposition 2.6. [30, Corollary 1.4] Given v ∈ M˜K(CR, X). Then for any  > 0,
(2.6) lim sup
z→∞
[
|z|4−e(v)(z)
]
< +∞.
Further, if vi ∈ M˜K(CR, X) is a sequence that converges to v∞ ∈ M˜K(CR, X) in
the c.c.t., then
sup
i
lim sup
z→∞
[
|z|4−e(vi)(z)
]
< +∞.
The last statement of the proposition is not included in [30, Corollary 1.4], but
it can be proved by the same method of proving (2.6).
Proposition 2.7. Given p > 2 and 0 < γ < 2
p
. Given v = (u, a) ∈ M˜K(CR, X).
Suppose v is in radial gauge, namely
a = fdθ, f ∈ C∞(CR, k).
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Denote fr(θ) = f(r cos θ, r sin θ). Then there exist x ∈ µ−1(0) and k0 ∈ W 1,p(S1, K)
satisfying the following conditions.
(1) lim
r→∞
max
θ∈S1
d
(
x, k0(θ)
−1u(r cos θ, r sin θ)
)
= 0;
(2) lim sup
r→+∞
[
rγ
∥∥fr + (∂θk0)k−10 ∥∥Lp(S1)] < +∞.
Further, given a sequence vi = (ui, ai) ∈ M˜K(CR, X) such that ai = fidθ and vi
converges to v∞ = (u∞, a∞) ∈ M˜K(CR, X) in c.c.t., then for all i (including i =
∞) there exist xi ∈ µ−1(0) and k0,i ∈ W 1,p(S1, K) such that k−10,i (θ)ui(r cos θ, r sin θ)
converges to xi as r →∞ uniformly in i and
sup
1≤i≤∞
lim sup
r→+∞
[
rγ
∥∥fi,r + (∂θk0,i)k−10,i ∥∥Lp(S1)] < +∞.
Proposition 2.7 is an improved version of [29, Proposition D.7]. The improved
constants are obtained by applying the results in [30] (see discussion in [21, Section
5]).
Remark 2.8. Take v = (u, a) ∈ M˜K(C, X). By Proposition 2.7, there is a K-bundle
P → P1 such that u extends to a continuous section of P (X), which represents a
class β ∈ HK2 (X). Using a calculation similar to [6, Theorem 3.1], we can derive
(2.7) E(v) = ωKX (β),
where ωKX ∈ H2K(X) is represented by the equivariant 2-form ωX − µ. Ziltener [29]
proves that when a sequence of affine vortices converges to a (possibly reducible)
limit, the equivariant homology class is preserved in the limit. Our main theorem
yields a weaker result as a corollary. The existence of the moduli space of regular
vortices implies that if a sequence of regular vortices converges to a regular vortex
in c.c.t., then the elements of the sequence and the limit have the same equivariant
homology class, because they are part of a continuous family.
Remark 2.9. Let XK be the Borel construction of X. The projection XK →
BK induces a map in equivariant homology HK2 (X) → HK2 (pt). By the previous
remark, an affine vortex v representing a class β ∈ HK2 (X) induces a class in
HK2 (pt), which classifies the K-bundle P → P1. The topology of P is uniquely
determined by the homotopy class of a loop in K, hence there is map
(2.8) hol : MK(C, X)→ pi1(K).
Indeed, hol(v) is the homotopy class of k0 which is from Proposition 2.7. We call
the class [ko] ∈ pi1(K) the holonomy of v.
Notation 2.10. It is often convenient to use a geodesic representative of the class
[k0] ∈ pi1(K), namely a loop θ 7→ eλθ homotopic to k0, where λ ∈ 12pi exp−1(Id). We
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abbreviate
ΛK :=
1
2pi
exp−1(Id) ⊂ k.
By Proposition 2.7 one can define the “evaluation at infinity”,
(2.9) ev∞ : MK(C, X)→ X¯.
Using Proposition 2.7 it is easy to derive the continuity of hol and ev∞ with respect
to the compact convergence topology on MK(C, X). The proof is left to the reader.
Corollary 2.11. Suppose a sequence vi ∈ M˜K(C, X) converge to v∞ in c.c.t..
Then,
(1) ev∞(v∞) = lim
i→∞
ev∞(vi) and
(2) (for large i) hol(vi) = hol(v∞) ∈ pi1(K).
2.4. Weighted Sobolev spaces. In this section, we define weighted Sobolev
spaces for functions on C, that are used to define the domain and target space
of the vortex differential operator. Choose a rotationally symmetric smooth func-
tion ρ : C→ [1,∞) which is equal to |z| outside a compact subset. For 1 < p <∞,
δ ∈ R and k ∈ Z≥0 and a compactly supported smooth function σ ∈ C∞0 (C), define
the following norms:
‖σ‖Lp,δ := ‖ρδσ‖Lp ;
‖σ‖Wk,p,δ :=
k∑
i=0
‖∇iσ‖Lp,δ , ‖σ‖Lk,p,δ :=
k∑
i=0
‖∇iσ‖Lp,δ+i .
The spaces Lp,δ(C), W k,p,δ(C) and Lk,p,δ(C) are the completions of C∞0 (C) under
the norms ‖ · ‖Lp,δ , ‖ · ‖Wk,p,δ and ‖ · ‖Lk,p,δ respectively.
Lemma 2.12. [31, Proposition 91][29, Proposition E.4] Given p > 2, δ > 1− 2
p
. If
f ∈ W 1,ploc (C) satisfies ‖∇f‖Lp,δ < ∞, then the limit f(∞) := limz→∞ f(z) exists and
f − f(∞) ∈ Lp,δ−1. Moreover, we have the following estimates.
(1) There is a constant c > 0 independent of f such that
(2.10) ‖f − f(∞)‖Lp,δ−1 ≤ c‖∇f‖Lp,δ .
(2.11) |f(x)− f(y)| ≤ cR1− 2p−δ‖∇f‖Lp,δ(CR), ∀R > 0, x, y ∈ CR.
(2) There is an equivalence of norms:
(2.12) ‖f‖L∞ + ‖∇f‖Lp,δ ≈ |f(∞)|+ ‖f − f(∞)‖L1,p,δ−1 .
Remark 2.13. The equivalence (2.12) was not explicitly stated in Ziltener’s work,
but can be easily deduced from (2.10) and (2.11).
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Proposition 2.14. Suppose Ω ⊂ C be a non-compact connected set with smooth
boundary. Let s1, s2 ∈ Z≥0, p1, p2 > 0 and δ1, δ2 ∈ R. Further, let F :
W s1,p1,δ1(Ω) → W s2,p2,δ2(Ω) be a bounded linear differential operator satisfying
the following conditions: 1) for any compact set S ⊂ Ω, the restriction F |S :
W s1,p1(S)→ W s2,p2(S) is a compact operator; 2) for any R, the restriction F |ΩrBR :
W s1,p1,δ1(ΩrBR)→ W s2,p2,δ2(ΩrBR) is bounded and the operator norm ‖F |ΩrBR‖
approaches 0 as R → ∞. Then, the operator F : W s1,p1,δ1(Ω) → W s2,p2,δ2(Ω) is
compact.
The proof is similar to Lemma 2.1 in [4] and Proposition E.6 (v) in [29], but is
reproduced for completeness.
Proof of Proposition 2.14. Suppose σi is a bounded sequence in W
s1,p1,δ1(Ω). We
assume ‖σi‖W s1,p1,δ1 (Ω) ≤ c for all i. By the Banach-Alaoglu theorem, after passing
to a subsequence, the sequence σi has a weak limit σ∞ ∈ W s1,p1,δ1(Ω). We will show
that Fσi strongly converges to Fσ∞ in W s2,p2,δ2(C). Let  > 0 be an arbitrary small
number. Choose R such that ‖F |ΩrBR‖ < 2c . This implies, in W s2,p2,δ2(ΩrBR),
(2.13) ‖Fσi − Fσ∞‖ ≤ ‖Fσi‖+ ‖Fσ∞‖ < 
2
.
On the compact set Ω ∩ BR, the compactness of F |Ω∩BR implies that, Fσi|Ω∩BR
converges to Fσ∞|Ω∩BR . Together with (2.13), this proves the proposition. 
The following result is an application of Proposition 2.14.
Lemma 2.15. Suppose k1 > k2, δ1 > δ2 and p > 1. The inclusion W
k1,p,δ1 ↪→
W k2,p,δ2 is compact.
We also need to discuss weighted Sobolev spaces with negative orders. For
k ∈ Z≥0, 1 < p <∞ and δ ∈ R, and σ ∈ C∞0 (C), define
‖σ‖W−k,p,δ := sup
{
〈f, σ〉L2 | f ∈ C∞0 , ‖f‖Wk,q,−δ = 1
}
,
where q := p
p−1 . The space W
−k,p,δ(C) is the completion of C∞0 (C) under the above
norm, which is the dual Banach space of W k,q,−δ(C). For any first order differential
operator D which gives a bounded linear operator D : W 1,p,δ(C) → Lp,δ(C), one
has the distributional dual
D† : Lq,−δ(C)→ W−1,q,−δ(C) ' (W 1,p,δ(C))∗
defined by 〈D†u, ϕ〉 = 〈u,Dϕ〉 for all test functions ϕ ∈ C∞0 (C).
Lastly we would like to compare Sobolev norms defined by using different con-
nections.
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Lemma 2.16. Given p > 2, δ > 0 and Ω ⊂ C. Let E → Ω be an Euclidean
vector bundle equipped with a covariant derivative ∇E which preserves the metric.
Suppose a ∈ W 1,p,δ(Ω,Λ1 ⊗ o(E)). Then for σ ∈ W 1,ploc (E), there are the following
two equivalences of norms.
‖σ‖Lp,δ(Ω) + ‖∇Eσ‖Lp,δ(Ω) ≈ ‖σ‖Lp,δ(Ω) + ‖∇Eσ + a(σ)‖Lp,δ(Ω),
‖σ‖L∞(Ω) + ‖∇Eσ‖Lp,δ(Ω) ≈ ‖σ‖L∞(Ω) + ‖∇Eσ + a(σ)‖Lp,δ(Ω).
Proof. This lemma can be proved by straightforward calculation and we left the
detail to the reader. 
3. Proof of Main Theorem
Given an affine vortex v = (u, φ, ψ), we first describe a Banach space parametriz-
ing gauged maps near v. Given p > 2 and δ ∈ (1 − 2
p
, 1), we define the following
norm for ξ = (ξ, η, ζ) ∈ W 1,ploc (C, E+u ) as
(3.1) ‖ξ‖p,δ := ‖η‖Lp,δ + ‖ζ‖Lp,δ + ‖∇aη‖Lp,δ + ‖∇aζ‖Lp,δ
+ ‖ξ‖L∞ + ‖dµ(u) · ξ‖Lp,δ + ‖dµ(u) · Jξ‖Lp,δ + ‖∇aξ‖Lp,δ .
This norm is equivalent to the norm defined in [31, Equation (1.18)] although the
latter has a different expression. Define
Bˆp,δv :=
{
ξ ∈ W 1,ploc (C, E+u ) | ‖ξ‖p,δ <∞
}
.
Lemma 3.1. The norm (3.1) is complete and gauge invariant.
This lemma was proved by Ziltener (see [31, Theorem 4, part (i)]1).
When p and δ are understood from the context, we will drop it from the notation.
For  > 0 sufficiently small, let Bˆv ⊂ Bˆv be the -ball centered at the origin. We
identify ξ ∈ Bˆv with the gauged map v′ := expv ξ := (u′, φ′, ψ′) := (expu ξ, φ +
η, ψ + ζ). Consider the infinite-dimensional vector bundle Eˆ := Eˆp,δ → Bˆv, whose
fiber over the point v′ is
Eˆv′ := Eˆξ := L
p,δ(C, E+u′) = L
p,δ(C, (u′)∗TX ⊕ k⊕ k).
Consider the section Fˆv : Bˆ

v → Eˆ defined by
(3.2) Fˆv(v
′) =

∂su
′ +Xφ′(u′) + J(∂tu′ +Xψ′(u′))
∂sψ
′ − ∂tφ′ + [φ′, ψ′] + µ(u′)
∂sη + [φ, η] + ∂tζ + [ψ, ζ] + dµ(u) · Jξ
 .
1However, we remark that the condition dimX > 2dimK assumed by Ziltener is unnecessary
for all the statements of [31, Theorem 4].
12 VENUGOPALAN AND XU
One can trivialize Eˆ by using parallel transport to identify (u′)∗TX with u∗TX,
and Fˆv then becomes a smooth map
2 from Bˆv to Eˆv. Its linearization at the origin
has the same expression as the operator Dˆv given by (2.5). It is not hard to see that
Dˆv extends to a bounded linear operator (which is denoted by the same symbol)
(3.3) Dˆv : Bˆv → Eˆv.
For constructing a manifold chart around regular affine vortices using the zero
locus of Fˆv, a necessary ingredient is the linear Fredholm theory of the linearized
operator. In Section 4 we reprove the following results of Ziltener.
Proposition 3.2. [31] Suppose v ∈ M˜K(C, X; β). Then for any p > 2 and δ ∈
(1− 2
p
, 1), the operator (3.3) is Fredholm and its real index is
(3.4) ind
(
Dˆv
)
= dim(X¯) + 2〈cK1 (TX), β〉.
Definition 3.3. A bounded affine vortex v is called regular if the operator (3.3)
is surjective for all p > 2 and δ ∈ (1 − 2
p
, 1). Let M˜K(C, X; β)reg be the set
of all smooth, regular, bounded affine vortices representing β ∈ HK2 (X;Z). Let
MK(C, X; β)reg be the quotient set of M˜K(C, X; β)reg modulo smooth gauge trans-
formations, equipped with the compact convergence topology.
3.1. Constructing the local charts. Given v ∈ M˜K(C, X; β)reg. By the smooth-
ness of Fˆv, for  small enough
v′ ∈ Bˆv =⇒ coker
(
dFˆv|v′
)
= {0}.
Denote
U v := Fˆ
−1
v (0) ∩ Bˆv.
By the implicit function theorem and Proposition 3.2, for  sufficiently small, U v
is a smooth manifold, whose dimension is equal to ind(Dˆv). Therefore, it induces
an (obviously continuous) map
φˆv : U

v →MK(C, X; β), v′ 7→
[
v′
]
.
In order to make φˆv a chart of smooth manifold, we have to show it is one-to-one
and its image contains a neighborhood of [v] in MK(C, X; β)reg. This type of ques-
tion is nearly trivial when the domain is compact, for example, when discussing
the moduli space of regular holomorphic curves or the moduli space of regular sym-
plectic vortices over a compact Riemann surface (see [5]). In our case the difficulty
2The smoothness of Fˆv is not very obvious. Indeed, one can use Proposition 3.6 below to
transform v to a good gauge. Then the norm (3.1) is equivalent to the Sobolev norm using the
Levi-Civita connection. Then one can argue that each term of Fˆv depends smoothly on points
of Bˆv with respect to this new, gauge-dependent norm.
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appears because smooth objects a priori may not have the desired regularity at
infinity. The following two propositions are proved in Subsection 3.2, relying on a
few results whose proof occupy the remaining sections.
Proposition 3.4. There exists 0 > 0, which may depend on p and δ, such that
φˆ0v is one-to-one.
Proposition 3.5. For each  ∈ (0, 0], there is a neighborhood of [v] in MK(C, X; β)
contained in the image of φˆv.
It is easy to prove that MK(C, X; β) is Hausdorff. Hence Proposition 3.4 and
Proposition 3.5 imply that for  sufficiently small, φˆv is a homeomorphism onto its
image, which is denoted by V v . Therefore it gives a chart of smooth manifold of
the correct dimension on MK(C, X; β) over a neighborhood of [v]. Let (v) be the
maximal  such that φˆv is a homeomorphism.
So far we have constructed a collection of charts (which depend on p and δ)
C∞ :=
{(
U v, φˆ

v
)
| v ∈ M˜K(C, X; β),  ∈ (0, (v))
}
.
Moreover, since every bounded affine vortex of regularity W 1,ploc is gauge equivalent
via a gauge transformation of regularity W 2,ploc to a smooth one, we can enlarge
the collection by including charts centered at vortices v of regularity W 1,ploc . The
enlarged collection is denoted by C 1,ploc . Let V

v ⊂ MK(C, X; β) be the image of
φˆv. Every g ∈ W 2,ploc (C, K) induces a diffeomorphism g : U v → U gv such that the
following diagram commutes
(3.5) U v
φˆv //
g

V v
id

U gv
φˆgv // V gv
.
3.2. Proof of Proposition 3.4 and Proposition 3.5. The proofs depend on the
following few technical results. We always assume that p > 2 and 1 − 2
p
< δ < 1.
Firstly, in Section 5, we prove the following uniform bound on the connection form.
Proposition 3.6. Given R ≥ 1 and a sequence vi = (ui, ai) ∈ M˜K(CR, X) that
converges to v∞ = (u∞, a∞) ∈ M˜K(CR, X) in c.c.t., then there exist a sequence
gˇi ∈ K2,ploc (CR) (including i = ∞) such that, if we denote vˇi = (uˇi, aˇi) := gˇi · vi,
then
sup
1≤i≤∞
‖aˇi‖W 1,p,δ(CR) < +∞
In Section 6 we prove the following result, which says that a sequence of affine
vortices converging in c.c.t. will also converge, modulo gauge, in the topology
induced by a weighted Sobolev norm.
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Proposition 3.7. Suppose a sequence voi ∈ M˜K(C, X) converges to a limit vo∞
in c.c.t.. Then there exist λ ∈ ΛK, and a sequence of gauge transformations gi ∈
K
2,p
loc (C) (including i = ∞) such that the following are satisfied. Denote (ui, ai) =
gi · (uoi , aoi ). Then ui converges to u∞ uniformly. Moreover, for i sufficiently large,
define ξi ∈ W 2,ploc (C, Eu∞) by ξi = exp−1u∞ ui. Then
lim
i→∞
(
‖ai−a∞‖Lp,δ+‖Fai−Fa∞‖Lp,δ+‖∇a∞ξi‖Lp,δ+‖dµ(u∞)·Jξi‖Lp,δ+‖dµ(u∞)·ξi‖Lp,δ
)
= 0.
By this proposition one can define ξi = (ξi, ai − a∞) such that at least formally
expv∞ ξi = vi. To prove that ξi ∈ Bˆv∞ and to control its norm, one has to estimate
the derivatives of ai − a∞, which requires certain gauge fixing. The following
proposition says that one can transform vortices into Coulomb gauge relative to
the limit over the unbounded domain C. It will be proved in Section 7.
Proposition 3.8. Suppose k = 0, 1. Suppose v = (u, a) ∈ M˜K(C, X)1,ploc such that
a + λdθ ∈ W 1,p,δ(CR,Λ1 ⊗ k) for some λ ∈ ΛK and all R ≥ 1. Then there are
constants coul, ccoul, δcoul > 0 satisfying the following condition. For any ξ = (ξ, α)
where ξ ∈ W k,ploc (C, Eu), α ∈ W k,ploc (C,Λ1 ⊗ k), which satisfy
(3.6) ‖α‖Wk,p,δ + ‖ξ‖L∞ + ‖d ∗aα + dµ(u) · Jξ‖Wk−1,p,δ ≤ coul,
there exists a unique s ∈ W k+1,p,δ(C, k) satisfying the following conditions
(1) es expv ξ is in Coulomb gauge with respect to v.
(2) ‖s‖Wk+1,p,δ ≤ δcoul.
Further, s satisfies the estimate
‖s‖Wk+1,p,δ ≤ ccoul‖d ∗aα + dµ(u) · Jξ‖Wk−1,p,δ .
Remark 3.9. When k = 0, one has the distributional adjoint d †a : L
p,δ(Λ1 ⊗ k) →
W−1,p,δ(k) of da. The restriction of d †a to W
1,p
loc ∩ Lp,δ coincides with the formal
adjoint d ∗a , so we abused the notation in the statement of the above proposition.
The last piece is the following local interior regularity of connections, which is
proved at the end of this section.
Lemma 3.10. Suppose Ω′,Ω are compact sets with smooth boundary in H, such
that Ω′ ⊂ int(Ω). Suppose p > 2. Then for any M > 0, there exists a constant
c(M) > 0, also depending on Ω,Ω′ and p, that satisfies the following conditions.
Suppose there are two connections forms a, b ∈ W 1,ploc (Ω,Λ1⊗ k), satisfying ∗(a−
b)|Ω∩R = 0 and
(3.7) ‖a− b‖Lp(Ω) + ‖Fa − Fb‖Lp(Ω) + ‖d ∗a (a− b)‖Lp(Ω) ≤M.
(3.8) ‖a‖L∞(Ω) ≤M.
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Then
(3.9)
∥∥a− b∥∥
W 1,p(Ω′) ≤ c(M)
[
‖a− b‖Lp(Ω) + ‖Fa − Fb‖Lp(Ω) + ‖d ∗a (a− b)‖Lp(Ω)
]
.
Now we can prove Proposition 3.4 and Proposition 3.5.
Proof of Proposition 3.4. We prove by contradiction. Suppose there exist a se-
quence i → 0 and two sequences ξi, ξ′i ∈ U iv , such that, denoting vi = expv ξi =
(ui, ai), v
′
i = expvi ξ
′
i = (u
′
i, a
′
i),
[vi] = [v
′
i] ∈MK(C, X; β).
Then there exist a sequence of smooth gauge transformations gi = e
si such that
(3.10) esivi = v
′
i.
To derive a contradiction, firstly we would like to show that (for large i) si ∈ W 1,p,δ.
Since the norm of Bˆv controls the L
∞ norm, there exists c1 > 0 such that,
(3.11) sup
z∈C
dist(ui(z), u
′
i(z)) ≤ c1
[
‖ξi‖L∞ + ‖ξ′i‖L∞
]
≤ 2c1i.
Let R > 0 such that u(CR) is contained in a neighborhood of µ
−1(0) where the
K-action is free. Since locally ker(dµ ◦ J) parametrizes a slice of the K-action, for
i sufficiently large, there exist unique s˜i, s˜
′
i : CR → g, ξ˜i, ξ˜′i ∈ Γ(CR, ker(dµ(u) ◦ J))
such that
ui = e
s˜i expu ξ˜i, u
′
i = e
s˜′i expu ξ˜
′
i.
Moreover, there exists c2 > 0 such that |s˜i| ≤ c2|dµ(u) · Jξi|, |s˜′i| ≤ c2|dµ(u) · Jξ′i|
for all large i. By (3.10), esiui = u
′
i and hence over CR,
ξ˜i = ξ˜
′
i, s˜i = s˜
′
i + si.
Therefore
‖si‖Lp,δ(CR) ≤ ‖s˜i‖Lp,δ(CR)+‖s˜′i‖Lp,δ(CR) ≤ c2
[
‖dµ(u)·Jξi‖Lp,δ+‖dµ(u)·Jξ′i‖Lp,δ
]
≤ 2c2i.
On the other hand, by using a smooth gauge transformation, we may assume
‖a‖L∞ < +∞. Since we have
(3.12) a+ α′i = −dsi + esi(a+ αi)e−si ,
there are constants c3, c4, c5 > 0 such that
‖dsi‖Lp,δ(CR) ≤ ‖αi‖Lp,δ + ‖α′i‖Lp,δ + c3‖si‖Lp,δ(CR) ≤ c4i.
‖dsi‖Lp(BR) ≤ ‖αi‖Lp,δ + ‖α′i‖Lp,δ + 2‖a‖W 1,p(BR) ≤ c5.
Therefore there is c6 > 0 such that
‖si‖W 1,p,δ(CR) ≤ c6i, ‖si‖W 1,p,δ ≤ c6.
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Take δ− ∈ (1− 2p , δ). Then as i→∞, by Lemma 2.15, there exists a subsequence
of si (still indexed by i) which converge to s∞ weakly in W 1,p,δ and strongly in Lp,δ− .
Moreover, since
0 = d ∗aα
′
i + dµ(u) · Jξ′i = d ∗a (−dsi + esi(a+ αi)e−si − a) + dµ(u) · Jξ′i,
s∞ is a weak solution of a second order linear equation. Since s∞ vanishes on CR,
by the unique continuation principle, s∞ ≡ 0. Hence ‖si‖Lp,δ− → 0. Then using
(3.12) again, we have
‖dsi‖W 1,p,δ− ≤ ‖αi‖Lp,δ− + ‖α′i‖Lp,δ− + c3‖si‖Lp,δ− → 0.
Therefore ‖si‖W 1,p,δ− → 0. However, for i large enough, this contradicts the unique-
ness part of the k = 1 case of Proposition 3.8 (with δ replaced by δ−). 
Proof of Proposition 3.5. Suppose the statement is not true. Then there exists
a sequence of affine vortices voi which converges to v
o
∞ = v in c.c.t. but none
of [voi ] lies in the image of φˆ

v for any  > 0. By Proposition 3.7, there exist
i0 ∈ N such that, for all i ≥ i0 (including i = ∞) we can transform voi via a
gauge transformation of regularity W 2,ploc to affine vortices vi = (ui, ai) such that ui
converges to u∞ uniformly and, if denote ξi = exp−1u∞ ui, αi = ai − a∞ for i ≥ i0,
then
(3.13)
lim
i→∞
[
‖ξi‖L∞ + ‖αi‖Lp,δ + ‖∇a∞ξi‖Lp,δ + ‖dµ(u∞) · Jξi‖Lp,δ + ‖dµ(u∞) · ξi‖Lp,δ
]
= 0.
Denote ξi = (ξi, αi). We would like to show that ξi ∈ Bˆv∞ and estimate its norm.
The only missing piece is the norm of the derivatives of αi. Indeed, (3.13) implies
that
lim
i→∞
[
‖ξi‖L∞ + ‖αi‖Lp,δ + ‖d ∗a∞αi + dµ(u) · Jξi‖W−1,p,δ(C)
]
≤ lim
i→∞
[
‖ξi‖L∞ + ‖αi‖Lp,δ(C) + ‖a∞‖L∞‖αi‖Lp,δ(C) + ‖dµ(u) · Jξi‖Lp,δ(C)
]
= 0.
Hence by the k = 0 case of Proposition 3.8, for large i, one can turn vi into Coulomb
gauge relative to v∞, i.e., there are gauge transformations esi with si ∈ W 1,p,δ, such
that
(3.14) ‖si‖W 1,p,δ(C) ≤ ccoul‖d ∗a∞αi + dµ(u) · Jξi‖W−1,p,δ(C),
and, if we denote v˜i = (u˜i, a˜i) = e
si · vi = expv ξ˜i, ξ˜i = (ξ˜i, α˜i), then
(3.15) d ∗a∞α˜i + dµ(u) · Jξ˜i = 0.
Moreover, since ai and a∞ are both of regularity W
1,p
loc , e
si is indeed of regularity
W 2,ploc and ξ˜i is of regularity W
1,p
loc . We would like to show that ‖ξ˜i‖p,δ (which could
be infinity a priori) converges to zero.
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We first estimate α˜i. Since the right-hand-side of (3.14) converges to zero, we
have
(3.16) lim
i→∞
‖si‖W 1,p,δ = 0.
Moreover, by Proposition 3.7, ‖Fai − Fa∞‖Lp,δ converges to zero. So
(3.17) lim
i→∞
[
‖α˜i‖Lp,δ + ‖Fa˜i − Fa‖Lp,δ + ‖d ∗a∞α˜i‖Lp,δ
]
= 0.
For any z ∈ C, we apply the (Ω,Ω′) = (B2(z), B1(z)) case of Lemma 3.10 to a˜i and
a∞. Notice that by (3.17), the prerequisites (3.7) and (3.8) hold for certain M > 0
independent of z and i. Therefore there is a constant c > 0 (independent of z and
i) such that
‖α˜i‖W 1,p(B1(z)) ≤ c
[
‖α˜i‖Lp(B2(z)) + ‖Fa˜i − Fa∞‖Lp(B2(z)) + ‖d ∗a∞α˜i‖Lp(B2(z))
]
.
Cover C by countably many unit disks B1(zk) (k = 1, 2, . . .), we see that there are
constants c′, c′′, c′′′ > 0 (independent of i) such that
‖α˜i‖W 1,p,δ(C) ≤ c′
∞∑
k=1
(1 + |zk|)δ‖α˜i‖W 1,p(B1(zk))
≤ c′′
∞∑
k=1
(1 + |zk|)δ
[
‖α˜i‖Lp(B2(zk)) + ‖Fa˜i − Fa∞‖Lp(B2(zk)) + ‖d ∗a∞α˜i‖Lp(B2(zk))
]
≤ c′′′
[
‖α˜i‖Lp,δ(C) + ‖Fa˜i − Fa∞‖Lp,δ(C) + ‖d ∗a∞α˜i‖Lp,δ(C)
]
.
By (3.17), ‖α˜i‖W 1,p,δ converges to zero. Since |a∞|L∞ < +∞, it follows that
‖α˜i‖Lp,δ + ‖∇a∞α˜i‖Lp,δ is comparable to ‖α˜i‖W 1,p,δ . Hence
(3.18) lim
i→∞
[
‖α˜i‖Lp,δ + ‖∇a∞α˜i‖Lp,δ
]
= 0.
On the other hand, from (3.13), (3.16) one can see that
(3.19) lim
i→∞
[
‖ξ˜i‖L∞ + ‖∇a∞ ξ˜i‖Lp,δ + ‖dµ(u) · Jξ˜i‖Lp,δ + ‖dµ(u) · ξ˜i‖Lp,δ
]
= 0.
(3.18), (3.19) and the above convergence show that ξ˜i → 0 in Bˆv∞ . By the
implicit function theorem, for each  > 0 and i sufficiently large, ξ˜i ∈ U v∞ . So
[voi ] = [vi] = [v˜i] ∈ Im(φˆv), which is a contraction. This finishes the proof of
Proposition 3.5. 
3.3. Constructing transition functions. The last step of proving the main the-
orem is to show that the various charts of MK(C, X; β) constructed so far can be
glued smoothly into a manifold atlas.
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We first need to construct transition functions among the Banach charts. Let
v = (u, a) be an affine vortices (not necessarily regular). Denote
Bv :=
{
ξ = (ξ, α) ∈ Bˆv | d ∗aα + dµ(u) · Jξ = 0
}
.
Since (ξ, α) 7→ d ∗aα + dµ(u) · Jξ is a bounded linear map, Bv is a closed subspace
of Bˆv and hence also a Banach space. For  > 0 sufficiently small, denote B

v :=
Bv ∩ Bˆv.
Suppose two charts B1v1 and B
2
v2
have an overlap
U12 :=
{
(ξ1, ξ2) ∈ B1v1 ×B2v2 | expv1 ξ1 is gauge equivalent to expv2 ξ2
}
.
There are obvious inclusion maps ϕi : U12 ↪→ Bivi for i = 1, 2.
Proposition 3.11. ϕ1(U12) and ϕ2(U12) are open and the map ϕ1◦ϕ−12 : ϕ2(U12)→
ϕ1(U12) is a diffeomorphism between open subsets of Banach spaces.
Proof. Suppose (ξ1, ξ2) ∈ U12. Then there exists g ∈ W 2,ploc (C, K) such that
g · expv2 ξ2 = expv1 ξ1.
Since the norm of Bˆv2 , the exponential map, and the Coulomb gauge condition are
all gauge invariant, one can assume that g = id. Then
(3.20) a2 + α2 = a1 + α1,
(3.21) expu2 ξ2 = expu1 ξ1
To prove the openness of ϕi(U12), we would like to show that if we perturb
(ξ2, α2) a little, then one can still solve the above equation for (ξ1, α1) ∈ Bv1 . Take
ξ˜′2 ∈ Bv2 such that the norm of ξ′2 := ξ˜2−ξ2 = (ξ′2, α′2) is sufficiently small. Define
α′1 = α
′
2. On the other hand, for each z ∈ C, there exists a unique ξ′1 along u1 such
that
(3.22) expu2(z)
(
ξ2(z) + ξ
′
2(z)
)
= expu1(z)
(
ξ1(z) + ξ
′
1(z)
)
.
Denote ξ′1 = (ξ
′
1, α
′
1). Although we do not know its regularity yet, pointwise one
has
expv1(ξ1 + ξ
′
1) = expv2(ξ2 + ξ
′
2).
Claim. There exists ′2 > 0 such that for all ξ
′
2 with ‖ξ′2‖p,δ < ′2, ξ′1 ∈ Bˆv1 and
the map ξ′2 7→ ξ′1 is a smooth map from B
′
2
v2 to Bv1.
If this claim is proved, for ‖ξ′2‖ sufficiently small, take the corresponding ξ′1 =
(ξ′1, α
′
1). Then ξ1 + ξ
′
1 satisfies the hypothesis of Proposition 3.8, i.e.,
‖α1 +α′1‖W 1,p,δ + ‖ξ1 + ξ′1‖L∞ + ‖d ∗a1(α1 +α′1) + dµ(u1) · (Jξ1 +Jξ′1)‖Lp,δ ≤ coul(v1).
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Then there exists a unique s1 ∈ W 2,p,δ(C, k) such that
‖s1‖W 1,p,δ ≤ δcoul(v1), es1 · expv1(ξ1 + ξ′1) ∈ Bv1 .
We can write es1 ·expv1(ξ1+ξ′1) = expv1 ξ˜1. Therefore (ξ˜1, ξ˜2) ∈ U12 and this proves
the openness of ϕ2(U12). ϕ1(U12) is open in B
1
v1
for the same reason. Moreover,
since s1 is constructed using the implicit function theorem, which depends smoothly
on ξ′1. Therefore the map ϕ1 ◦ ϕ−12 : ξ˜2 7→ ξ˜1 is smooth.
Now we prove the above claim. Since the norm of Bˆvi can control the L
∞ norm,
one has ‖a1 − a2‖L∞ = ‖α1 − α2‖L∞ <∞. Therefore
‖α′1‖Lp,δ + ‖∇a1α′1‖Lp,δ ≤ ‖∇a2α′2‖Lp,δ + (1 + ‖a2 − a1‖L∞)‖α′2‖Lp,δ .
To control the norm of ξ′1, notice that for each z ∈ C, (3.22) defines a map ξ′2(z) 7→
ξ′1(z) from T
δ
u2(z)
X to T δu1(z)X for sufficiently small δ. This map depends smoothly
on u1(z), ξ1(z), u2(z), ξ2(z) and is the identity if ξ1(z) = ξ2(z) = 0. Therefore, there
exists c1 > 0 such that when |ξ′2(z)| is small enough,
|ξ′1(z)| ≤ c1|ξ′2(z)|;
|dµ(u1(z))·ξ′1|+|dµ(u1(z))·Jξ′1| ≤ c1
[
|dµ(u2(z))·ξ′2|+|dµ(u2(z))·Jξ′2|+(|ξ1|+|ξ2|)|ξ′2|
]
.
Therefore, for appropriate value of c2 > 0 (which is independent of ξ
′
2)
(3.23) ‖ξ′1‖L∞ + ‖dµ(u1) · Jξ′1‖Lp,δ + ‖dµ(u1) · ξ′1‖Lp,δ
≤ c1
[
‖ξ′2‖L∞+‖dµ(u2)·Jξ′2‖Lp,δ+‖dµ(u2)·ξ′2‖Lp,δ+‖ξ′2‖L∞‖ξ1‖Lp,δ+‖ξ′2‖L∞‖ξ2‖Lp,δ
]
≤ c2
[
‖ξ′2‖L∞ + ‖dµ(u2) · Jξ′2‖Lp,δ + ‖dµ(u2) · ξ′2‖Lp,δ
]
.
We also need to estimate the norm of the derivative of ξ′1. Represent the deriv-
ative of the exponential map as
d expx ξ = E1(x, ξ)dx+ E2(x, ξ)∇ξ, E1(x, ξ), E2(x, ξ) ∈ Hom(TxX,Texpx ξX).
Then differentiating both sides of (3.22) and (3.21) with respect to z, we obtain
(3.24) E1(u2, ξ2 + ξ
′
2)du2 + E2(u2, ξ2 + ξ
′
2)(∇ξ2 +∇ξ′2)
= E1(u1, ξ1 + ξ
′
1)du1 + E2(u1, ξ1 + ξ
′
1)(∇ξ1 +∇ξ′1),
(3.25) E1(u2, ξ2)du2 + E2(u2, ξ2)∇ξ2 = E1(u1, ξ1)du1 + E2(u1, ξ1)∇ξ1.
Let P be the parallel transport from the tangent space at expu1 ξ1 = expu2 ξ2 to
the tangent space at expu1(ξ1 + ξ
′
1) = expu2(ξ2 + ξ
′
2). Then by (3.24) and (3.25),
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we have
E2(u1, ξ1 + ξ
′
1)∇ξ′1
= E1(u2, ξ2+ξ
′
2)du2−E1(u1, ξ1+ξ′1)du1+E2(u2, ξ2+ξ′2)(∇ξ2+∇ξ′2)−E2(u1, ξ1+ξ′1)∇ξ1
=
(
E1(u2, ξ2 + ξ
′
2)du2 − PE1(u2, ξ2)du2
)
−
(
E1(u1, ξ1 + ξ
′
1)du1 − PE1(u1, ξ1)du1
)
+
(
E2(u2, ξ2 + ξ
′
2)∇ξ2−PE2(u2, ξ2)∇ξ2
)
−
(
E2(u1, ξ1 + ξ
′
1)∇ξ1−PE2(u1, ξ1)∇ξ1
)
+ E2(u2, ξ2 + ξ
′
2)∇ξ′2.
Since E1, E2 are differentiable, there exists c3 > 0 such that
(3.26) ‖∇ξ′1‖Lp(BR) ≤ c3
2∑
j=1
‖ξ′j‖L∞
[
‖duj‖Lp(BR) + ‖∇ξj‖Lp(BR)
]
+ c3‖∇ξ′2‖Lp(BR).
To estimate the Lp,δ norm of the derivative of ξ′1 over CR, one can twist the maps
by e−λθ and apply the same argument. Thus there exists c3 > 0 such that
(3.27) ‖∇a1ξ′1‖Lp,δ(CR) ≤ c3
[
‖ξ′1‖L∞ + ‖ξ′2‖L∞ + ‖∇a2ξ′2‖Lp,δ(CR)
]
.
(3.23), (3.26) and (3.27) together show that if ‖ξ′2‖p,δ is sufficiently small, ξ′1 ∈
Bˆv1 and ‖ξ′1‖p,δ ≤ c4‖ξ′1‖p,δ for some c4 > 0. So we have proved the first part of
the claim and the continuity of the map ξ′1 7→ ξ′2.
As for the smoothness, the nontrivial part is about the map ϕ : ξ′2 7→ ξ′1, which is
defined by (3.22). Since everything happens in a compact subset of X, all constants
from the geometry of X can be uniformly bounded. Moreover, (3.22) is a pointwise
relation. So for any unit disk B1(z) ⊂ C, if we denote ϕz : W 1,p(B1(z), u∗2TX) →
W 1,p(B1(z), u
∗
1TX) by restricting ϕ to B1(z), then ϕz is smooth and its derivatives
can be bounded by numbers that are independent of z. Moreover, take R ≥ 1.
Restricting (3.22) to CR is equivalent to
expuˇ2(ξˇ2 + ξˇ
′
2) = expuˇ1(ξˇ1 + ξˇ
′
1),
where objects with aˇare obtained by twisting by e−λθ. We also denote the map
ξˇ′2 7→ ξˇ′1 by ϕˇz. Its derivatives can also be bounded by numbers that are independent
of z. Take a countable cover {B1(zk)}∞k=1 of CR. Since we have the following
equivalences of norms
‖ξ‖Lp,δ+‖∇aiξ‖Lp,δ ≈ ‖ξ‖W 1,p(BR)+‖ξˇ‖W 1,p,δ(CR) ≈ ‖ξ‖W 1,p(BR)+
∞∑
k=1
|zk|δ‖ξˇ‖W 1,p(B1(zk))
(for i = 1, 2), it leads to the smoothness of ϕ with respect to the norms of Bv1 and
Bv2 . 
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The transition between Bv1 and Bv2 immediately gives a transition function be-
tween the finite dimensional charts (U1, φˆ1) := (U
1
v1
, φˆv1) and (U2, φˆ2) := (U
2
v2
, φˆv2).
Indeed, if φˆ1(U1)∩φˆ2(U2) 6= ∅, then the restriction of ϕ1◦ϕ−12 to U2 ⊂ B2v2 is smooth
and its image is in U1. Because ϕ1 ◦ ϕ−12 is a diffeomorphism and U1, U2 have the
same dimension, the restriction of ϕ1 ◦ϕ−12 , which coincides with φˆ−11 ◦ φˆ2, is a dif-
feomorphism between the charts. Therefore, over the regular part MK(C, X; β)reg,
we have constructed a collection of charts C∞ and a collection of transition func-
tions. The cocycle condition is immediate. Therefore, it gives a smooth atlas on
MK(C, X; β)reg which induces a structure of smooth manifold. Therefore we finish
proving the main theorem.
3.4. Proof of Lemma 3.10. The proof is by elliptic regularity of the operator
d⊕ d ∗ on α := a− b. Firstly we have
(3.28) ‖d ∗α‖Lp(Ω) = ‖d ∗aα− ∗[a ∧ ∗α]‖Lp(Ω) ≤ ‖d ∗aα‖Lp(Ω) + ‖a‖L∞(Ω)‖α‖Lp(Ω)
≤
[
1 + ‖a‖L∞(Ω)
][
‖d ∗aα‖Lp(Ω) + ‖α‖Lp(Ω)
]
.
We also need to bound the Lp norm of dα over a domain larger than Ω′. We have
Fa = Fb + dα + [a ∧ α] + [α ∧ α].
Then for 1 ≤ q ≤ p and any compact domain B ⊂ Ω, we have
(3.29) ‖dα‖Lq(B) ≤
[
1 + ‖a‖L∞(B)
][
‖Fa − Fb‖Lq(B) + ‖α‖Lq(B) + ‖α‖2L2q(B)
]
.
Enlarge Ω′ a little to Ω′′, which is still contained in the interior of Ω. We would
like to prove that, there is a constant c1(M) > 0, also depending on Ω,Ω
′′ and p,
such that
(3.30) ‖α‖L∞(Ω′′) ≤ c1(M),
which, together with (3.28) and the q = p, B = Ω′′ case of (3.29), will imply
‖dα‖Lp(Ω′′) + ‖d ∗aα‖Lp(Ω′′) ≤ c2(M)
[
‖Fa − Fb‖Lp(Ω) + ‖d ∗aα‖Lp(Ω) + ‖α‖Lp(Ω)
]
for certain c2(M) > 0. Then elliptic regularity for d⊕ d ∗ implies (3.9).
By Sobolev embedding, to prove (3.30), it suffices to prove
(3.31) ‖α‖W 1,q(Ω′′) ≤ c3(M)
for some q > 2 and c3(M) > 0. Depending on the value of p, we argue in the
following three cases.
(1) 2 < p < 4. Set q0 := p. There exists m ≥ 1 and a sequence 2 < q0 < · · · <
qm−1 ≤ 4, qm > 4 such that
(3.32) q0 = p, qj <
2qj−1
4− qj−1 j = 1, . . . ,m.
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We also fix a sequence of domains
Ω = Ω0 ⊃ · · · ⊃ Ωm ⊃ Ω′′, int(Ωk) ⊃ Ωk+1.
We prove inductively that for all j = 0, 1, . . . ,m, there exist constants
Cj(M) > 0 such that
(3.33) ‖α‖Lqj (Ωj) ≤ Cj(M).
The j = 0 case is given by the hypothesis. Assuming for j < m, there is
Cj(M) > 0 such that (3.33) holds. Then the q = qj/2, B = Ωj case of
(3.29) implies that dα|Ωj ∈ Lqj/2(Ωj) with
‖dα‖
Lqj/2(Ωj)
≤ C ′j(M).
Since qj/2 < p, applying elliptic regularity with the estimates (3.28), the
q = qj/2, B = Ωj+1 case of (3.29), and the L
p bound on α, we get
‖α‖
W 1,qj/2(Ωj+1)
≤ C ′′j (M).
By Sobolev embedding W 1,qj/2 ↪→ Lqj+1 (which is valid by (3.32)), we obtain
(3.33) with j replaced by j+1. By repeating this procedure, we end up with
(3.33) with j = m. Using the elliptic regularity again, we obtain (3.31).
(2) If p = 4, then modify (3.32) by choosing q0 slightly smaller than 4 with
q1 > 4. One step of the above induction can prove (3.33) for j = m = 1
and hence (3.31).
(3) if p > 4, then take m = 0. (3.31) is also obtained.
Therefore (3.31) holds for certain q > 2. This finishes the proof of Lemma 3.10.
4. Proof of Proposition 3.2
In this section, we prove that the augmented linearized operator Dˆv : Bˆv → Eˆv
at v ∈ M˜K(C, X) is a Fredholm operator of the expected index. This result is
proved by Ziltener as [31, Theorem 4], but we provide an alternate presentation.
Here we remark again that the condition dimX¯ > 0 assumed by Ziltener is unnec-
essary.
4.1. Bundle completions to P1. We fix p > 2 and R > 1. Let E → C be a rank n
Hermitian vector bundle of class W 1,ploc (that means, it consists of a collection of local
charts with U(n)-valued transition functions of regularity W 1,ploc ). A completion
of E consists of R > 0 and a trivialization
ψR : E|CR → CR × Cn
of regularity W 1,ploc . The pair (E,ψR) is called a completed bundle, which induces
a Hermitian vector bundle E(ψR) → P1, by adding a new chart over P1 r BR
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together with the gluing map ψR. The degree of E(ψR) is called the degree of the
completed bundle, denoted by deg(E,ψR) ∈ Z.
Given δ ∈ (1− 2
p
, 1), define
A1,p,δ(E,ψR) :=
{
B ∈ A1,ploc(E) | ψR ◦ (B|CR) ◦ ψ−1R − d ∈ W 1,p,δ
(
CR, u(n)
)}
.
For any B ∈ A1,p,δ(E,ψR), define the norm
(4.1) ‖σ‖Bp,δ := ‖σ‖L∞ + ‖∇Bσ‖Lp,δ .
The Sobolev completion of sections under the above norm is denoted by L1,p,δ+ (E,ψR)
B.
It is routine to check the following lemma.
Lemma 4.1. Let (E,ψR) be a completed bundle.
(1) Given B ∈ A1,p,δ(E,ψR), the covariant derivative ∇B extends to a bounded
map between Sobolev completions
∇B : L1,p,δ+ (E,ψR)B → Lp,δ(C,Λ1 ⊗ E).
(2) If A,B ∈ A1,p,δ(E,ψR), then ‖ · ‖Ap,δ and ‖ · ‖Bp,δ are equivalent.
(3) If δ+ ∈ (δ, 1) and A,B ∈ A1,p,δ+(E,ψR), then
∇B −∇A : L1,p,δ+ (E,ψR)B → Lp,δ(C,Λ1 ⊗ E)
is a compact operator.
Therefore we can remove the symbolB from the notations ‖·‖Bp,δ and L1,p,δ+ (C, E)B.
Lemma 4.2. Given p > 2, δ ∈ (1 − 2
p
, 1) and δ+ ∈ (δ, 1). Suppose (E,ψR) is a
completed line bundle and B ∈ A1,p,δ+(E,ψR), then
∂B : L
1,p,δ
+ (E,ψR)→ Lp,δ(C,Λ0,1 ⊗ E)
is Fredholm with real index ind(∂B) = 2deg(E,ψR) + 2.
Proof. By Lemma 4.1, it is enough to prove the result for a specificB ∈ A1,p,δ+(E,ψR).
So, we assume that B is flat over P1 r BR, with a flat nonvanishing section sE∞ of
unit length. Denote d = deg(E,ψR). Then the section z
−dsE∞ ∈ W 1,ploc (CR, E) can
be extended to a nowhere vanishing W 1,ploc section s
E
0 over C. Regard E be defined
as the collection {sE0 |B2R , sE∞|P1rBR} with the transition function zd.
We construct a smooth Hermitian line bundle L, consisting of a chart over P1rBR
generated by a unit section sL∞, another chart over B2R generated by a unit section
sL0 such that on the overlap s
L
0 = z
−dsL∞. Then L is a holomorphic Hermitian line
bundle with an operator
(4.2) ∂L : L
1,p,δ
+ (C, L)→ Lp,δ(C, L).
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The formulae µ0(s
E
0 ) = s
L
0 , µ∞(s
E
∞) = s
L
∞ define a bundle isomorphism µ : E → L
of regularity W 1,ploc , which induces bounded, invertible linear maps
µ0 : L
1,p,δ
+ (C, E)→ L1,p,δ+ (C, L), µ1 : Lp,δ(C, E)→ Lp,δ(C, L).
It is easy to see that µ0 ◦ ∂B ◦ µ−11 − ∂L has compact support, hence a compact
operator. Therefore, it suffices to consider the operator (4.2). It is a standard result
that when δ ∈ (1 − 2
p
, 1), the operator ∂L : L
1,p,δ
+ (C, L) → Lp,δ(C, L) is Fredholm
with real index 2 + 2d. 
The following lemma related to Hermitian vector bundles on P1 is also used in
the proof of the Fredholm result.
Lemma 4.3. Given a completed Hermitian vector bundle (E,ψR) → P1, an or-
thonormal frame of {si : P1rBR → ER(ψR) : 1 ≤ i ≤ n} over the chart at infinity,
and integers d1, . . . , dn such that
∑
i di = d := deg(E), there exist completed line
bundles
(`k, ψR,k)→ P1
such that (E,ψR) =
⊕n
k=1(`k, ψR,k), deg`k = dk and `k is spanned by sk over
P1 rBR.
Proof. Recall that deg(E) is determined by the homotopy class in pi1(U(n)) of the
transition function between frames of E around 0 and around∞. Since deg(E) = d,
this homotopy class can be represented by the loop of matrices
θ 7→ diag(e−2piid1θ, . . . , e−2piidnθ)
This means the sections s′k := e
−2piidkθsk of E|CR can be extended to a frame of
E over C (of regularity W 1,ploc ). This determines sub line bundles `k ⊂ E|C with
completions that have the degrees dk. 
4.2. Proof of Fredholm result. With above preparations, now we can prove
Proposition 3.2. We fix some notation
m := dimK, n :=
1
2
dimX, n¯ := n−m = 1
2
dim X¯, d := 〈cK1 (TX), β〉.
Firstly, the operator Dˆv is equivariant with respect to gauge transformations. That
is, if v,v′ ∈ M˜K(C, X)1,ploc are related by a gauge transformation g ∈K2,ploc , then the
following diagram commutes.
Bˆv
Dˆv //
g

Ev
g

Bˆv′
Dˆv′ // Ev′
.
LOCAL MODEL FOR THE MODULI SPACE OF AFFINE VORTICES 25
Therefore, by Lemma 6.1 (which is independent of the proposition we are proving),
one can make the following assumptions. v = (u, a) is of regularity W 1,ploc and there
exist λ ∈ ΛK and x ∈ µ−1(0) such that
a|CR + λdθ ∈ W 1,p,δ+(CR,Λ1 ⊗ k), lim
z→∞
e−λθu(z) = x.
where δ+ is slightly bigger than δ. Moreover, if we write e
−λθu(z) = expx ξu(z),
then ∇ξu ∈ W 1,p,δ+(CR, TxX).
One constructs a completion of u∗TX as follows. There is a neighborhood Ux
of x and a smooth trivialization ψx : (TUx, J) ' (Ux × TxX, J∞) which is the
identity at x and which maps GX onto U∞ × GX,x. On the other hand, for large
R, u(CR) ⊂ U∞. The trivialization ψx then induces the chart
ψR = ψx(u) : u
∗TX|CR → CR × TxX.
Since u is of class W 1,ploc , this gives a completion of u
∗TX. By the asymptotic
property of the gauge we chose, it is easy to see that under the trivialization ψR,
the connection matrix of ∇a on u∗TX|CR is of class W 1,p,δ+ .
The following remark shows a crucial fact related to the asymptotic behavior of
the operator Dˆv at infinity.
Remark 4.4. (An eigenvalue decomposition of k) For any point x ∈ µ−1(0) ⊂ X,
denote the infinitesimal action of k by
Lx : k→ KX,x, ζ 7→ Xζ(x).(4.3)
Its adjoint with respect to the metric ωX(·, J ·) at TxX is
L∗x(ξ) = dµ(x) · Jξ.
Therefore L∗xLx is symmetric and positive definite, having eigenvalues λ1, . . . , λm >
0.
We choose eigenvectors {e1, . . . , em} ⊂ k corresponding to the eigenvalues of
L∗xLx, such that Lx(e1), . . . , Lx(em) form an orthonormal basis of KX,x. They
become a Hermitian orthonormal basis of the complexification GX,x. We extend
them into a Hermitian orthonormal basis Lx(e1), . . . , Lx(em), vm+1, . . . , vn of TxX.
Via ψR, these vectors extends an orthonormal frame s1, . . . , sn of u∗TX(ψR) over
P1 rBR.
Now we separate the argument into two cases: n¯ > 0 and n¯ = 0. When n¯ > 0,
by Lemma 4.3, there are completed line bundles (`k, ψR,k)→ P1 for 1 ≤ k ≤ n and
an isomorphism
(4.4) ρ1 : (u
∗TX,ψR) '
n⊕
k=1
(`k, ψR,k),
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`k|P1rBR = spanC
{
ρ1(sk)
}
, deg(`k, ψR,k) =
 0, k < n;d, k = n
We view `k → C as a trivial line bundle for k < n. We choose a connection
B ∈ A1,p,δ+(u∗TX,ψR) satisfying the following conditions.
(1) Over CR, ψR ◦ ∇B ◦ ψ−1R = d, where the latter is the trivial connection on
CR × TxX.
(2) B is diagonal with respect to the splitting (4.4) and its restriction to `k for
k < n is the trivial connection. Denote the restriction of ∂B onto `k by
∂B,`k .
For k = 1, . . . ,m, let `′k → C be a copy of the trivial complex line bundle
generated by ek. Then one has the isomorphism LX :
⊕m
k=1 `
′
k '
⊕m
k=1 `k. Since
`k and `
′
k are all trivial, we can extend LX to an isomorphism over C, which is still
denoted by LX .
We would like to identify the bundle Λ1 ⊗ k, i.e., the bundle of deformations of
the connection form, with
⊕m
k=1 `
′
k ' g. Define over CR
ρ2 : Λ
1 ⊗ k '
m⊕
k=1
`′k, ρ2(ηds+ ζdt) = Ade−λθ(η + iζ) = e
−λθ(η + iζ)eλθ.
Since the adjoint action on g is real, the determinant of Ade−λθ is always ±1. So
as a loop in Aut(g), Ade−λθ is homotopically trivial, therefore it can be extended
to an isomorphism ρ2 : Λ
1 ⊗ k → ⊕mk=1 `′k over C. We also identify the last two
k factors of Eˆv with
⊕m
k=1 `
′
k by an isomorphism ρ3 : k ⊕ k →
⊕m
k=1 `
′
k ' g whose
restriction to CR is
ρ3(κ, ς) = Ade−λθ(η + iζ).
Then ρ1, ρ2, ρ3 induce bundle isomorphisms
ρ = (ρ1, ρ2) : u
∗TX ⊕ k⊕ k '
n⊕
k=1
`k ⊕
m⊕
k=1
`′k;
ρ′ = (ρ1, ρ3) : u∗TX ⊕ k⊕ k '
n⊕
k=1
`k ⊕
m⊕
k=1
`′k.
Lemma 4.5. ρ and ρ′ induce equivalences of Banach spaces
ρ : Bˆv ∼
n⊕
k=m+1
L1,p,δ+ (`k)⊕
m⊕
k=1
W 1,p,δ(`k ⊕ `′k).
ρ : Eˆv ∼
n⊕
k=m+1
Lp,δ(`k)⊕
m⊕
k=1
Lp,δ(`k ⊕ `′k).
Here the norm of W 1,p,δ(`k ⊕ `′k) is defined without ambiguity since `k and `′k are
trivial.
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Then consider the operator DˆB : Bˆv → Eˆv defined by
(4.5) DˆB := (ρ
′)−1 ◦

n⊕
k=m+1
∂B,`k 0 0
0
m⊕
k=1
∂B,`k LX
0 L−1X
m⊕
k=1
∂`′k

◦ ρ
One can see that DˆB is a first order elliptic operator, whose restriction to CR
reads
(4.6) DˆB

ξ
η
ζ
 =

ψ−1R ∂z(ψR(ξ)) + ψ
−1
R
(
Xη(x) + JXζ(x)
)
∂sη + [φλ, η] + ∂tζ + [ψλ, ζ] + dµ(x) · ψR(Jξ)
∂sζ + [φλ, ζ]− ∂tη − [ψλ, η] + dµ(x) · ψR(ξ)
 .
Here φλ and ψλ are defined by −λdθ = φλds+ ψλdt.
Lemma 4.6. DˆB − Dˆv is a compact operator.
Proof. Comparing (4.6) with (2.5), there are the following terms which contribute
to the difference DˆB − Dˆv. We show that they are all compact operators.
(1) The operator ξ 7→ ψ−1R (∂z(ψR(ξ)))−∇asξ−J∇at ξ is compact by the property
of the connection form a in this trivialization and Lemma 4.1 Part (3).
(2) By Proposition 2.14, the operator ξ 7→ (∇ξJ)(∂tu+Xψ(u)) is compact since
∂tu+Xψ(u) converges to zero as z →∞.
(3) By Proposition 2.14, the operator (η, ζ) 7→ ψ−1R (Xη(x) +JXζ(x))−Xη(u)−
JXζ(u) and the operator
ξ 7→
 dµ(x) · (ψR(Jξ))− dµ(u) · Jξ
dµ(x) · (ψRξ)− dµ(u) · Jξ

are compact because of the convergence e−λθu(z) = x.
(4) If a = φds+ ψdt, then the last part of the difference of DˆB − Dˆv on CR is η
ζ
 7→
 [φλ − φ, η] + [ψλ − ψ, ζ]
[φλ − φ, ζ]− [ψλ − ψ, η]
 .
Since a+λdθ decays to zero as z →∞, the above is also a compact operator.
The lemma is then proved. 
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Therefore, the Fredholm theory of Dˆv is equivalent to that of DˆB where the
latter is “diagonalized”. Denote
∂K : W
1,p,δ
( m⊕
k=1
(`k ⊕ `′k)
)
→ Lp,δ
( m⊕
k=1
(`k ⊕ `′k)
)
 h
h′
 7→
 ∂z LX
L−1X ∂z
 h
h′
 .
Lemma 4.7. ([31, Proposition 97]) ∂K is Fredholm with real index zero.
On the other hand, by the Riemann-Roch formula (Lemma 4.2), we have
ind
(
∂B,`k : L
1,p,δ
+ (C, `k)→ Lp,δ(C, `k)
)
= 2 deg `k + 2, k = m+ 1, . . . , n.
Together with Lemma 4.7, we see Dˆv is Fredholm with index
ind(Dˆv) =
n∑
k=m+1
ind(∂B,k) =
n∑
k=m+1
2 deg `k + (2n− 2m) = dimX¯ + 2〈cK1 (TX), β〉.
By Lemma 4.6, this finishes the proof of Proposition 3.2 in the case dimX¯ > 0.
Finally, we consider the case when the symplectic quotient has zero dimension.
We artificially increase the dimension of X, by defining Xˆ := X ×C and let K act
trivially on the second factor. This gives a new Hamiltonian K-manifold and we
view the original vortex v as a vortex in Xˆ mapped to X×{0}. Denote the vortex
differential operator with respect Xˆ by Dˆ+v , which has an extra block
∂
∂z
: L1,p,δ+ (C,C)→ Lp,δ(C,C).
Therefore Dˆv is Fredholm and
ind
(
Dˆv
)
= ind
(
Dˆ+v
)− ind(∂z : L1,p,δ+ (C,C)→ Lp,δ(C,C)).
By Lemma 4.2, the last term above is equal to 2. Therefore the formula for Dˆv is
obtained by using the previous case for Xˆ.
5. Proof of Proposition 3.6
Let U ⊂ C be a precompact open subset with smooth boundary. Given p > 2.
We say that a ∈ W 1,p(U,Λ1 ⊗ k) is in Coulomb gauge if
d ∗a = 0, ∗a|∂U = 0.
We say that a ∈ Lp(U,Λ1 ⊗ k) is in Coulomb gauge if∫
U
〈a, dψ〉 = 0, ∀ψ ∈ C∞(U, k).
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Lemma 5.1. [23, Theorem 8.1, Theorem 8.3] Let k be 0 or 1. There exist constants
δU > 0 and cU > 0 such that for any a ∈ W k,p(U,Λ1 ⊗ k) satisfying ‖a‖Wk,p ≤ δU ,
there exists g ∈Kk+1,p(U) such that g · a is in Coulomb gauge and
(5.1) ‖g · a‖Wk,p ≤ cU‖a‖Wk,p .
The following results are used in the proof of Proposition 3.6.
Lemma 5.2. [23, Theorem 5.1] Let p > 2 and U be as above. Then there exists
c > 0 such that, for any a ∈ W 1,p(U,Λ1) satisfying ∗a|∂U = 0,
(5.2) ‖a‖W 1,p(U) ≤ c
(
‖da‖Lp(U) + ‖d ∗a‖Lp(U) + ‖a‖Lp(U)
)
.
Proof of Proposition 3.6. We remark that a special case of this proposition is when
ai = a is independent of i. For the general case, all constants involved in the
estimates (which come from Propositions 2.6 and 2.7) can be chosen independent
of i. To save notations, we carry out the proof for a single a.
The cylindrical coordinates on CR are defined via the exponential map
exp : [logR,∞)× S1 → CR, (τ, θ) 7→ eτ+iθ.
We assume a is in radial gauge, i.e., Ψ∗a = ψ˜(τ, θ)dθ. Let k0 ∈ W 1,p(S1, K) be
the map from Proposition 2.7. We view k0 : [logR,∞) × S1 → K as a gauge
transformation that is independent of the first coordinate. We fix a constant 1
2
<
σ < 1 and consider bands on the cylinder Sn := [nσ, nσ + 1] × S1 equipped with
the cylindrical metric. In the following discussion, the constants denoted by c are
functions of σ, but are independent of n.
By Proposition 2.7, for any 0 < γ < 2
p
,
(5.3) ‖k−10 · ψ˜dθ‖Lp(Sn) ≤ ce−γnσ.
By Lemma 5.1, for any sufficiently large n, there exists a gauge transformation
gn ∈ W 1,p(Sn, K) that transforms k−10 · ψ˜dθ to Coulomb gauge on Sn. By elliptic
regularity for the vortex equation plus the Coulomb gauge condition, (k0gn)
−1 · ψ˜dθ
is smooth. Because ψ˜ is smooth, k0gn is also smooth. Denote the new connection
form by
a˜n := (k0gn)
−1 · ψ˜dθ ∈ Ω1(Sn, k).
(5.1) and (5.3) imply that
(5.4) ‖a˜n‖Lp(Sn) ≤ c‖k0 · ψ˜dθ‖Lp(Sn) ≤ ce−γnσ.
A similar computation can be carried out by replacing (p, γ) with (2p, γ/2) to
obtain
(5.5) ‖a˜n‖L2p(Sn) ≤ ce−γnσ/2.
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Now we estimate the derivative of a˜n. By Proposition 2.6, for any  > 0, there
is a constant c such that
(5.6) sup
Sn
|Fa˜n| ≤ cenσ.
By Lemma 5.2 and the Coulomb gauge condition, we get
‖a˜n‖W 1,p(Sn) ≤ c
(
‖da˜n‖Lp(Sn) + ‖a˜n‖Lp(Sn)
)
≤ c
(
‖Fa˜n‖Lp(Sn) + ‖a˜n‖2L2p(Sn) + ‖a˜n‖Lp(Sn)
)
≤ c
(
enσ + e−γn
)
≤ cenσ,
(5.7)
where the second last inequality comes from (5.4), (5.5) and (5.6).
Next, we glue together the gauge transformations k0gn defined on the bands
Sn. Notice that multiplying gn by a constant element does not alter the above
estimates. So we may assume that for every n, there is a point xn ∈ Sn ∩ Sn+1 at
which gn(xn) = gn+1(xn).
Claim. There exists N0 ∈ N such that for n ≥ N0, there exists a smooth function
sn : Sn ∩ Sn+1 → k such that k0gn+1 = k0gnesn and
(5.8) ‖sn‖W 1,p(Sn∩Sn+1) ≤ ce−γnσ, ‖sn‖W 2,p(Sn∩Sn+1) ≤ cenσ.
Proof of the claim. Define the quotient map
pin : Bn := [nσ + σ, nσ + 1]× [0, 2pi]→ Sn ∩ Sn+1
by identifying (s, 0) with (s, 2pi). Then there exists s : Bn → g such that k0gn+1 =
k0gne
sn and sn vanishes at a point of Bn. By this relation, we have
pi∗na˜n+1 = e
−sn(pi∗na˜n)e
sn + dsn.
Therefore by (5.4), we have
‖dsn‖Lp(Bn) ≤ ‖a˜n‖Lp(Sn) + ‖a˜n+1‖Lp(Sn+1) ≤ ce−γnσ.
Since sn vanishes at one point, ‖sn‖W 1,p(Bn) has similar bound with possibly differ-
ent value of c. Therefore, by Sobolev embedding, for n sufficiently large, ‖sn‖C0(Bn)
is very small and hence it descends to a smooth function on Sn∩Sn+1. Then the first
inequality of (5.8) follows. On the other hand, by (5.7) and Sobolev embedding,
one has
‖dsn‖W 1,p(Sn∩Sn+1)
≤ ‖a˜n‖W 1,p(Sn) + ‖a˜n+1‖W 1,p(Sn+1) + ‖dsn‖Lp(Sn∩Sn+1)‖a˜n‖L∞(Sn) ≤ cenσ.
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The claim is then proved.
Suppose βn : Sn∩Sn+1 → [0, 1] be a cut-off function that is 1 in the neighborhood
of ∂Sn+1 and 0 in the neighborhood of ∂Sn. Further, for different values of n, the
functions βn are translations of each other. We define a gauge transformation
g˜ :
⋃
n≥N0
Sn → K, g˜(z) :=
 k0gn, z ∈ Sn r (Sn−1 ∪ Sn+1)k0gneβnsn z ∈ Sn ∩ Sn+1.(5.9)
Extend g˜ arbitrarily to Sn for n < N0. On the intersection Sn ∩ Sn+1, eβnsn
satisfies similar bounds as esn (see (5.8)). Therefore, after applying the global
gauge transformation g˜ : [logR,∞) × S1 → K, the connection a˜ := g˜−1 · ψ˜dθ
satisfies the same asymptotic bounds as a˜n, namely,
(5.10) ‖a˜‖W 1,p(Sn) ≤ cenσ, ‖a˜‖Lp(Sn) ≤ ce−γnσ.
Lastly, denote the pullback of a˜n to CR via the exponential map by aˇ, one has
‖aˇ‖Lp(exp(Sn)) ≤ ce(−1+
2
p
−γ)nσ, ‖∇aˇ‖Lp(exp(Sn)) ≤ ce(−2+
2
p
+)nσ.
Then, given δ ∈ (1− 2
p
, 1), if we choose γ > 0 and  > 0 such that
δ − 1 + 2
p
− γ < 0, δ − 2 + 2
p
+  < 0.
then a ∈ W 1,p,δ(CR,Λ1 ⊗ g). This finishes the proof of Proposition 3.6. 
6. Proof of Proposition 3.7
To proceed, we need to bound the derivatives dui (after appropriate gauge trans-
formations). For convenience we choose a smooth embedding X ↪→ RN (or just
an embedding of a K-invariant, precompact open subset of X which contains the
images of all ui) and view each ui as an RN -valued function.
Lemma 6.1. Suppose a sequence vi = (ui, ai) ∈ M˜K(CR, X) converge to v∞ =
(u∞, a∞) in c.c.t.. Then, for all i including i =∞, there are gauge transformations
gˇi ∈K2,ploc (CR) such that the following are satisfied. Denote vˇi = (uˇi, aˇi) := gˇi · vi.
(1) sup
i
‖aˇi‖W 1,p,δ(CR) < +∞.
(2) lim
z→∞
uˇi(z) = xi uniformly in i (including i =∞) and lim
i→∞
xi = x∞.
(3) sup
i
‖∇uˇi‖W 1,p,δ(CR) < +∞.
Proof. By Proposition 3.6, we can assume that ‖ai‖W 1,p,δ(CR) is uniformly bounded.
Since the sequence vi is uniformly bounded, we have
sup
i
(
‖Xai(ui)‖L∞(CR) + ‖Xai(ui)‖Lp,δ(CR)
)
< +∞.
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Using bound on the energy densities of vi provided by Proposition 2.6, we have
sup
i
‖dui‖L∞(CR) ≤ sup
i
(
‖daiui‖L∞(CR) + ‖Xai(ui)‖L∞(CR)
)
<∞;
sup
i
‖dui‖Lp,δ(CR) ≤ sup
i
(
‖daiui‖Lp,δ(CR) + ‖Xai(ui)‖Lp,δ(CR)
)
<∞.
(6.1)
Notice that the norm of the 1-form dui is comparable to the norm of ∇ui computed
as an RN -valued function, the above gives an upper bound on the corresponding
norms of ∇ui. Then by Lemma 2.12, each ui has a limit ui(∞) ∈ X ⊂ RN at
infinity. Moreover, by (2.11), there is a constant C > 0 independent of i such that
|ui(z)− ui(∞)| ≤ C|z|1−
2
p
−δ‖∇ui‖Lp,δ(CR), ∀z ∈ CR.
Hence the convergence lim
i→∞
ui(z) = ui(∞) is uniform in i. Further, by Corollary
2.11, the corresponding sequence x¯i ∈ X¯ in the symplectic quotient X¯ converges
to x¯∞ ∈ X¯. Therefore we can modify each gi by a constant element g′i ∈ K such
that
lim
i→∞
g′iui(∞) = g′∞u∞(∞).
Denote gˇi(z) = g
′
igi(z) and xi = g
′
iui(∞) for all i including i = ∞. Then the
sequence vˇi := gˇi · vi satisfies Part (1) and (2).
Now we bound the second derivatives of uˇi. By Part (2), there exist i0, R
′ ≥ R
such that for all i ≥ i0, uˇi(CR′) is contained in a local coordinate chart of x∞. The
c.c.t. convergence of vi → v∞ implies that up to gauge transformation uˇi|CRrCR′
converges to uˇ∞|CRrCR′ up to the second order, which implies the uniform bound
of ‖∇uˇi‖W 1,p,δ(CRrCR′ ). Hence it suffices to estimate ‖∇uˇi‖W 1,p,δ(CR′ ).
Using the local coordinate chart around x∞ one can view uˇi|CR′ as maps into
R2n. By the holomorphicity equation, one has
∂suˇi + J(uˇi)∂tuˇi = −X0,1aˇi (uˇi) := −Xφˇi(uˇi)− J(ui)Xψˇi(uˇi).
Differentiating with respect to s,
(∂s + J∂t)∂suˇi = −(∂sJ)∂tuˇi − ∂sX0,1aˇi (uˇi).(6.2)
On any radius 2 disk B2(z), centered at z ∈ CR′ , using (6.1), the terms in the
right-hand-side of (6.2) can be bounded as
‖∂sX0,1aˇi (uˇi)‖Lp(B2(z)) ≤ c1
(
‖duˇi‖L∞(B2(z))‖aˇi‖Lp(B2(z))+‖∇aˇi‖Lp(B2(z))
)
≤ c2‖aˇi‖W 1,p(B2(z));
‖(∂sJ)∂tuˇi‖Lp(B2(z)) ≤ c3‖duˇi‖L∞(B2(z))‖duˇi‖Lp(B2(z)) ≤ c4‖duˇi‖Lp(B2(z)).
Here c1, c2, c3, c4 are independent of i. By (6.2), and the interior elliptic estimate
for the ∂ operator (see [12, Proposition B.4.9]), there is c5 > 0 such that for all
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i ≥ i0,
‖∂sui‖W 1,p(B1(z)) ≤ c5
(
‖ai‖W 1,p(B2(z)) + ‖dui‖Lp(B2(z))
)
.(6.3)
A similar estimate holds for ∂tui. Cover CR′+2 by countably many B1(zk) (k =
1, 2, . . .), we obtain
‖dui‖W 1,p,δ(CR′+2) ≤ c6
∞∑
k=1
|zk|δ‖dui‖W 1,p(B1(zk))
≤ c7
∞∑
k=1
|zk|δ
(
‖ai‖W 1,p(B2(zk)) + ‖dui‖Lp(B2(zk))
)
≤ c8
(
‖ai‖W 1,p,δ(CR′ ) + ‖dui‖Lp,δ(CR′ )
)
< +∞.
This proves Part (3) and hence this proposition. 
Lemma 6.2. Given R ≥ 1. Suppose we have a sequence vˇi = (uˇi, aˇi) ∈ M˜K(CR, X)1,ploc
(including i = ∞) and a sequence xi ∈ µ−1(0) (including i = ∞) that satisfying
the following conditions.
(1) sup
1≤i≤∞
(
‖aˇi‖W 1,p,δ(CR) + ‖∇uˇi‖W 1,p,δ(CR)
)
< +∞.
(2) lim
z→∞
uˇi(z) = xi uniformly in i (including i =∞) and lim
i→∞
xi = x∞.
Then there exist a sequence gi ∈K2,ploc (CR) (including i =∞) such that (1) and (2)
continue to hold for gi · vˇi and moreover
(c) after removing finitely many items from the sequence, for certain R′ ≥ R,
ξˇi := exp
−1
uˇ∞(giuˇi) is well-defined on CR′ such that dµ(uˇ∞) · Jξi = 0.
(d) if vˇi converges to vˇ∞ in c.c.t., then ξˇi converges to 0 uniformly on any
compact subset of C.
Proof. Let UX be a K-invariant neighborhood of µ
−1(0) where the K-action is free.
One can split TUX into the direct sum of the tangent direction of K-orbits and its
orthogonal complement with respect to the metric ωX(·, J ·), i.e.,
TUX = (kX)
⊥ ⊕ kX = ker(dµ ◦ J)⊕ kX .
By shrinking UX if necessary, and taking  > 0 small enough, the map
L : B(ker(dµ ◦ J))×B(k)→ X ×X, ((x, ξ), s) 7→ (x, es expx ξ)
is a diffeomorphism onto its image and its image contains a neighborhood N (∆UX)
of UX ×UX in X ×X. By hypothesis (2), there exist i0 ∈ N and R′ ≥ R such that
i ≥ i0, |z| ≥ R′ =⇒
(
uˇ∞(z), uˇi(z)
)
∈ UX × UX .
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Therefore, there exist unique si : CR′ → k and ξi ∈ Γ(CR′ , u∗∞ker(dµ◦J)) such that(
uˇ∞(z), uˇi(z)
)
= L
(
(uˇ∞(z), ξˇi(z)), si(z)
)
=
(
uˇ∞(z), esi(z) expuˇ∞(z) ξˇi(z)
)
.
Since ‖∇uˇi‖W 1,p,δ(CR′ ) is uniformly bounded, so is ‖dsi‖W 1,p,δ(CR′ ). Extend si to CR
of regularity W 2,ploc such that ‖dsi‖W 1,p,δ(CR) is uniformly bounded. We claim that
gi := e
si satisfy the requirement.
Indeed, for gi · vˇi, (1) and (2) still hold because of the uniform bounds on
‖dsi‖W 1,p,δ(CR) and ‖si‖L∞ . (c) follows from the construction. Further, (c) gives a
pointwise gauge fixing over CR′ . Hence if vˇi converges to vˇ∞ in c.c.t., which im-
plies that gi · uˇi converges to uˇ∞ modulo K-action (uniformly over compact sets),
gi · uˇi|CR′ converges to uˇ∞|CR′ without applying any further gauge transformations
(uniformly over compact sets). This proves (d). 
Lemma 6.3. Suppose vi = (ui, ai) ∈ M˜K(C, X)1,ploc converges to v∞ = (u∞, a∞) ∈
M˜K(C, X)1,ploc in c.c.t. and ui converges to u∞ uniformly on C. Then
(6.4) lim
i→∞
(
‖Fai − Fa∞‖Lp,δ + ‖dµ(ui) · (exp−1u∞ ui)‖Lp,δ
)
= 0.
Proof. By Proposition 2.6, for any ν > 0, one has
sup
i
lim sup
z→∞
(
|z|2−ν |µ(ui(z))|
)
<∞.
Take ν < 2− 2
p
− δ and γ := 2− 2
p
− δ − ν. Then for all r and i including ∞,
‖µ(ui)‖Lp,δ(Cr) ≤ c1r−γ
for certain c1 > 0 independent of i. On the other hand, for r sufficiently large,
u∞(Cr) is contained in aK-invariant open subset ofX for which there exist c2, δ > 0
such that
x ∈ S, v ∈ TxX, |v| ≤ δ =⇒ |dµ(x) · v| ≤ c2|µ(expx v)− µ(x)|.
For large i, we can define ξi by ui = expu∞ ξi which satisfies ‖ξi‖L∞ ≤ δ. Therefore
‖Fai − Fa∞‖Lp,δ(Cr) ≤ ‖µ(u∞)‖Lp,δ(Cr) + ‖µ(ui)‖Lp,δ(Cr) ≤ 2c1r−γ;
‖dµ(u∞) · ξ1‖Lp,δ(Cr) ≤ c2
(
‖µ(u∞)‖Lp,δ(Cr) + ‖µ(ui)‖Lp,δ(Cr)
)
≤ 2c1c2r−γ.
(6.5)
Moreover, for any fixed r, by the uniform convergence ui|Br → u∞|Br , ‖Fai −
Fa∞‖Lp,δ(Br) and ‖dµ(u∞) · ξi‖Lp,δ(Br) can be arbitrarily small. Together with (6.5),
we prove (6.4). 
Proof of Proposition 3.7. Choose δ+ slightly bigger than δ. Apply Lemma 6.1 and
6.2 to the restrictions of voi on the complement of a disk, one can find R ≥ 1, a
sequence gˇi ∈ K2,ploc (CR) (including i = ∞) and a sequence xi ∈ µ−1(0) (including
i =∞) satisfying the following conditions after removing finitely many items from
the sequence. Denote vˇi := (uˇi, aˇi) := gˇi · voi .
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(1) sup
1≤i≤∞
(‖aˇi‖W 1,p,δ+ (CR) + ‖∇uˇi‖W 1,p,δ+ (CR)) < +∞.
(2) lim
z→∞
uˇi(z) = xi uniformly in i and lim
i→∞
xi = x∞.
(3) ξˇi := exp
−1
uˇ′∞
uˇi ∈ W 2,ploc (CR, uˇ∗∞TX) is well-defined and dµ(uˇ∞) · Jξˇi = 0.
(4) uˇi converges to uˇ∞ uniformly on any compact subsets of CR.
By Corollary 2.11, for large i, hol(voi ) = hol(v
o
∞) ∈ pi1(K). Choose a geodesic
representative eλθ, one can see that eλθgˇi is null-homotopic, hence extends to some
gi ∈ K2,ploc (C). Moreover, since voi converges to vo∞ in c.c.t., we can choose gi in
such a way that vi := gi · voi := (ui, ai) converges to v∞ := (u∞, a∞) := g∞ · vo∞ in
W 2,p(BR). It implies that ui converges to u∞ uniformly on compact subsets of C.
We first prove that the uniform convergence ui → u∞ over C. Indeed, since we
have the uniform convergence uˇi(z) = xi and the convergence lim
i→∞
xi = x∞, for any
 > 0, there exist R > 0 and i ∈ N such that
sup
i≥i
sup
z∈CR
|ui(z)− u∞(z)| = sup
i≥i
sup
z∈CR
|uˇi(z)− uˇ∞(z)|
≤ sup
i≥i
sup
z∈CR
(
|uˇi(z)− xi|+ |xi − x∞|+ |x∞ − uˇ∞(z)|
)
≤ .
Since ui → u∞ uniformly over BR , we obtain the uniform convergence ui → u∞
on C.
To prove the Lp,δ-convergence ai → a∞, notice that for some c1 > 0,
‖ai − a∞‖W 1,p,δ+ ≤ c1‖ai − a∞‖W 1,p(BR) + ‖eλθ · aˇi − eλθ · aˇ∞‖W 1,p,δ+ (CR).
The right hand side is uniformly bounded in i. Hence ai − a∞ has subsequential
weak limits. We prove that the weak limit can only be zero. It suffices to show that
ai converges to a∞ as distributions, which is already the case over BR. On the other
hand, for any compact subset S ⊂ CR, by the condition that vi|S → v∞|S modulo
gauge transformation, there exist gS,i : S → K such that gS,i · vi|S converges to
v∞|S uniformly. However since ui converges to u∞ uniformly, and the fact that
ui(CR) are all contained in a region where the K-action is free, gS,i must converge
uniformly to the identity. Therefore, ai|S converges to a∞|S as distributions and
hence ai − a∞ converges to zero weakly in W 1,p,δ+ . Since δ+ > δ, by Lemma 2.15,
lim
i→∞
‖ai − a∞‖Lp,δ = 0.
Now consider the norm ∇a∞ξi where ξi = exp−1u∞ ui. The W 2,p convergence of
vi|BR to v∞|BR already tells that
(6.6) lim
i→∞
‖∇a∞ξi‖Lp(BR) = 0.
To estimate the norm on CR, by the condition that ‖∇uˇi‖W 1,p,δ+ is uniformly
bounded, one has subsequential weak limits of ∇uˇi. However since uˇi converges to
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uˇ∞ uniformly, one has the distributional convergence ∇uˇi → ∇uˇ∞. Therefore the
subsequential weak limits of ∇uˇi can only be ∇uˇ∞, which, by Lemma 2.15, implies
‖∇(uˇi − uˇ∞)‖Lp,δ(CR) → 0. This is equivalent to
lim
i→∞
‖∇ξˇi‖Lp,δ(CR) = 0
which refers to no embedding into RN . On the other hand, by the K-equivariance
of the covariant derivative and Lemma 2.16, there is c2 > 0 such that
lim
i→∞
‖∇a∞ξi‖Lp,δ(CR) = limi→∞ ‖∇
aˇ∞ ξˇi‖Lp,δ(CR) ≤ c2 limi→∞
(
‖∇ξˇi‖Lp,δ(CR) + ‖ξˇi‖L∞
)
= 0.
Together with (6.6) this shows
lim
i→∞
‖∇a∞ξi‖Lp,δ = 0.
Lastly, by the uniform convergence ui → u∞ and the fact dµ(u∞) · Jξi vanishes
on CR,
lim
i→∞
‖dµ(u∞) · Jξi‖Lp,δ(C) = lim
i→∞
‖dµ(u∞) · Jξi‖Lp,δ(BR) = 0.
Together with Lemma 6.3 this finishes the proof of Proposition 3.7. 
7. Proof of Proposition 3.8
Our proof is a typical application of the implicit function theorem (Proposi-
tion 7.6) and condition (3.6) is to guarantee the invertibility of certain linearized
operator.
Proof of Proposition 3.8. We recall that vortices close to v = (u, a) can be written
as (expu ξ, a+ α). For any value of ξ = (ξ, α) ∈ Bˆv, we define an operator, called
the Coulomb operator as
(7.1) Tξ : B
(
W k+1,p,δ(C, k)
)→ W k−1,p,δ(C, k)
s 7→ d ∗a
(
es · (a+ α)− a
)
+ dµ(u) ·
(
J exp−1u (e
s expu ξ).
)
This operator is well-defined for a small  = (u) > 0 (depending on the injectivity
radius near the image of u). We remark that the condition T ξ(s) = 0 corresponds
to the vortex es(expu ξ, a+ α) being in Coulomb gauge with respect to v.
To simplify the notations, for x ∈ X, denote
Rx : TxX → End(k), Rx(ξ)(ξ′) = dµ(x) ·
(
JΨx(ξ)
−1Xξ′(expx ξ)
)
,
where Ψx(ξ) : TxX → Texpx ξX is the parallel transport along the geodesic expx(tξ)
with respect to the Levi-Civita connection of ωX(·, J ·). Rx varies smoothly with x
and induces a bundle map
Ru : Γ(C, Eu)→ Γ(C,End(k)).
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The linearization of Tξ at s ∈ B(W k+1,p,δ(C, k)) is given by
DTξs : W
k+1,p,δ(C, k)→ W k−1,p,δ(C, k),
ξ′ 7→ d ∗ades·(a+α)(ξ′) +Ru(ξs)(ξ′)
where ξs := exp
−1
u (e
s expu ξ). It is continuous in s, so T
ξ is differentiable. Denote
(7.2) Lv(ξ
′) := DT00 (ζ) = d
∗
adaξ
′ + dµ(u) · JXξ′ .
Lemma 7.1. There exist constants 1, c1 > 0 such that if
‖α‖Wk,p,δ + ‖ξ‖L∞ + ‖s‖Wk+1,p,δ ≤ 1,
then
‖DTξs −DT00 ‖ ≤ c1
(
‖α‖Wk,p,δ + ‖ξ‖L∞ + ‖s‖Wk+1,p,δ
)
.
Proof. Given ξ′ ∈ W k+1,p,δ(C, k), we have the following computation.
‖(DTξs −DT00 )(ξ′)‖Wk−1,p,δ
≤ ‖d ∗a [ es · (a+ α)− a, ξ′ ]‖Wk−1,p,δ + ‖Ru(ξs)(ξ′)−Ru(0)(ξ′)‖Wk−1,p,δ
≤ ‖d ∗a [ es · (a+ α)− (a+ α), ξ′ ]‖Wk−1,p,δ + ‖d ∗a [α, ξ′ ]‖Wk−1,p,δ
+ ‖(Ru(ξs)−Ru(ξ))(ξ′)‖Wk−1,p,δ + ‖Ru(ξ)(ξ′)−Ru(0)(ξ′)‖Wk−1,p,δ
≤ c1
(‖s‖Wk+1,p,δ + ‖α‖Wk,p,δ + ‖ξ‖L∞)‖ξ′‖Wk+1,p,δ .
The last inequality is true if 1 is small enough. We also used the Sobolev embedding
W 1,p,δ ↪→ C0 implicitly. So the lemma is proved. 
Proposition 7.2. Given k = 0, 1, p > 2 and δ ∈ (1 − 2
p
, 1). Suppose v = (u, a)
is an affine vortex of regularity W 1,ploc , with a − λdθ ∈ W 1,p,δ(CR,Λ1 ⊗ g) for some
λ ∈ ΛK and R ≥ 1. Then the operator Lv given by (7.2) is an isomorphism.
The proof is given in Subsection 7.1. Let Kv : W
k−1,p,δ(C, k) → W k+1,p,δ(C, k)
be the inverse of Lv. Define
C(v) = max
{
‖Kv‖, 1
}
.
Then by Lemma 7.1, there exist δcoul = δ(v) > 0 such that
‖α‖Wk,p,δ+‖ξ‖L∞+‖s‖Wk+1,p,δ ≤ δ(v) =⇒ ‖DTξs −DTξ0 ‖+‖DTξ0 −DT00 ‖ ≤
1
2C(v)
.
If this holds, then DTξ0 has a bounded inverse Q
ξ
0 with ‖Qξ0‖ ≤ 2C(v). Moreover,
taking coul = δ(v)/8C(v). Then we can apply Proposition 7.6 to the situation
where
X = W k+1,p,δ(C, g), Y = W k−1,p,δ(C, g), F = T(α,ξ), δ = δ(v), C = 2C(v).
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It follows that there is a unique s ∈ W k+1,p,δ(C, k) satisfying
Tξ(s) = 0, ‖s‖Wk+1,p,δ ≤ δ(v).
Moreover, for ccoul = 4C(v), one has
‖s‖Wk+1,p,δ ≤ ccoul‖Tξ(0)‖ = ccoul‖d ∗aα + dµ(u) · Jξ‖Wk−1,p,δ .
This finishes the proof of Proposition 3.8. 
7.1. Proof of Proposition 7.2. Firstly we recall the invertibility of −∆ + 1.
Lemma 7.3. (Calderon’s theorem, [16, Theorem V.3]) The operator
(7.3) −∆ + 1 : W k+1,p(C,R)→ W k−1,p(C,R)
is an isomorphism for all p > 1.
Lemma 7.4. Given k = 0 or 1, λ ∈ ΛK, x ∈ µ−1(0). Let v = (u, a) be a smooth
gauged map from C to X such that over CR, u = eλθx and a = −λdθ. Then the
operator
Lv : W
k+1,p,δ(C, k)→ W k−1,p,δ(C, k), Lv(s) 7→ d ∗adas+ dµ(u) · JXs(u)
is invertible for all p > 1 and δ ≥ 0.
Proof. The proof is firstly carried out for δ = 0. By Remark 4.4, L∗xLx is diagonal-
izable with positive eigenvalues ci. Further, by the assumption of this lemma,
(7.4) Lv|CR = Adeλθ(−∆ + L∗xLx)Ade−λθ .
Therefore, the bundle CR × k splits into trivial line bundles `i (1 ≤ i ≤ n) with
−∆ + L∗xLx|`i = −∆ + ci. By Lemma 7.3 and a scaling argument, the operator
Li = −∆ + ci : W k+1,p(C, `i)→ W k−1,p(C, `i)
is an isomorphism. So there is an inverse K : W k−1,p(C, k) → W k+1,p(C, k) of
−∆ + L∗xLx.
We will now construct an inverse outside the ball B2R using K. Consider f ∈
W k−1,p(C, k). Choose a radially symmetric cut-off function βR : C → [0, 1] that is
0 in BR and 1 in C2R. Since k ≤ 1, we can define fˆ ∈ W k−1,p(C, k) as
fˆ(z) =
 Ade−λθ(f), |z| ≥ R;0, |z| ≤ R.
Take uˆ = K(fˆ) and uout := Ade−λθ(βRuˆ). By (7.4), we have
Lv(uout)|C2R = Adeλθ(−∆ + L∗xLx)(uˆ) = f.
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Moreover, since βRuˆ is supported in CR, where e
−λθ and βR are uniformly bounded
with derivatives up to order k + 1, there are constants c1(R), c2(R) > 0 such that
‖uout‖Wk+1,p ≤ c(R)‖uˆ‖Wk+1,p ≤ c1(R)‖K‖‖fˆ‖Wk−1,p(C) ≤ c2(R)‖f‖Wk−1,p .
Now, we extend the inverse to inside the ball B2R. Consider the equation
Lv(uin) = f −Lv(uout) on B2R, uin|∂B2R = 0, uin ∈ W k+1,p(B2R, k).
The above equation is an elliptic PDE with Dirichlet boundary condition and the
differential operator is nonnegative. Hence it has a unique solution uin. We extend
uin by zero outside the ball B2R and set u := uin + uout. The section u is in W
1,p
and Lvu = f holds weakly. In case k = 1, by an elliptic regularity argument,
we can show that u is in W 2,p. By construction, the solution u satisfies the norm
bound ‖u‖Wk+1,p ≤ c‖f‖Wk−1,p .
Next, we show thatLv is injective using the self-adjointness of the operator. Sup-
pose u ∈ W k+1,p(C, k) and Lvu = 0. Then,
∫
C〈Lvu, f〉dsdt = 0 for all f ∈ W k+1,q
where q = p
p−1 . Integrating by parts, we see that u satisfies
∫
C〈u,Lvf〉dsdt = 0
for all f ∈ W k+1,q. But, we know that Lv : W k+1,q → W k−1,q is onto. Therefore,
u = 0.
Finally, we extend the result to the case of nonzero δ. The map W k,p 3 u 7→
ρ−δu ∈ W k,p,δ is an isomorphism for k = −1, 0, 1. The map Lv,δ defined by
W k+1,p,δ
ρδ
// W k+1,p
Lv // W k−1,p
ρ−δ
// W k−1,p,δ ,
is an isomorphism, and it differs from Lv by a compact perturbation (see Proposi-
tion 2.14). HenceLv : W
k+1,p,δ → W k−1,p,δ is a Fredholm operator with index zero.
Its kernel is contained in ker(Lv : W
k+1,p → W k−1,p), because W k+1,p,δ ⊂ W k+1,p.
This proves that the map Lv : W
k+1,p,δ → W k−1,p,δ is invertible. 
Lemma 7.5. Suppose p > 2, δ > 1 − 2
p
and q = p
p−1 is the conjugate exponent of
p. Then, Lp,δ(C) is contained in Lq,−δ(C).
Proof. Define r by 1
r
+ 2
p
= 1. Then 1
r/q
+ 1
p−1 = 1. Moreover, δ > 1 − 2p implies
that ρ−2δ ∈ Lr. Then for f ∈ Lp,δ, by Ho¨lder’s inequality,
‖ρ−δf‖qLq =
∫
C
ρ−2qδρqδ|f |q ≤
[∫
C
(ρ−2qδ)
r
q
] q
r
[∫
C
(ρqδ|f |q)p−1
] 1
p−1
≤ ‖ρ−2δ‖qLr‖f‖qLp,δ .
So f ∈ Lq,−δ(C). 
Proof of Proposition 7.2. For R > 0 sufficiently large, choose a gauged map v′ =
(u′, a′) such that a′|CR = −λdθ and u′|CR = e−λθx. Denote α = a′ − a. We claim
that the difference
(7.5) Lv′(s)−Lv(s) = (d ∗a′da′s− d ∗adas) + (dµ(u′) · JXs − dµ(u) · JXs)
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is a compact operator. Indeed, the first term on the right-hand-side above is
(7.6) (d ∗a+αda+α − d ∗ada)(s) = ∗[α ∧ ∗das] + d ∗a [α, s] + ∗[α ∧ ∗[α, s]].
Then since α ∈ W 1,p,δ, by Proposition 2.14 it follows easily that (7.6) is compact.
For similar reason the second term of the right-hand-side of (7.5) is compact.
Now by Lemma 7.4, Lv′ : W
k+1,p,δ(C, k) → W k−1,p,δ(C, k) is an isomorphism.
Therefore Lv is Fredholm and has index zero. So in order to prove the current
proposition, it suffices to show that Lv is injective. Suppose s ∈ ker(Lv) ⊂
W k+1,p,δ. By Lemma 7.5, s ∈ W 1,q,−δ = (W−1,p,δ)∗. By the definition of the
(distributional) adjoint d ∗a , we have∫
C
〈d ∗adas+ dµ(u) · JXs, s〉dsdt =
∫
C
〈das, das〉dsdt+
∫
C
ωX(Xs, JXs)dsdt.
The right hand side vanishes exactly if das and Xs vanish. Since the K-action is
free near u(CR), it implies that s = 0 so Lv is injective. 
The following version of implicit function theorem is used in the proof of Propo-
sition 3.8.
Proposition 7.6. [12, Proposition A.3.4] Let X, Y be Banach spaces and U ⊂ X
is an open neighborhood of 0 ∈ X. Let F : U → Y be a C1 map. Suppose that
DF (0) is surjective and has a right inverse Q, with ‖Q‖ ≤ C. Suppose δ > 0 such
that Bδ(X) ⊂ U and
x ∈ Bδ(X) =⇒ ‖DF (x)−DF (0)‖ ≤ 1
2C
.
Suppose ‖F (0)‖ < δ
4C
. Then there exists a unique x ∈ Bδ(X) such that
F (x) = 0, x ∈ ImQ ∩Bδ(X).
Moreover, ‖x‖ ≤ 2C‖F (0)‖.
Appendix A. Local Model for H-vortices (by Guangbo Xu)
In the last section we provide the parallel discussion on the local model for vor-
tices over the upper half plane, or H-vortices as we call in [22]. An important
difference from the case of C-vortices is that there is no notion of “limiting ho-
lonomy” at infinity. This fact greatly reduces the technicality in the discussion.
Beside this difference, a lot of arguments can be done in a completely parallel
fashion. So we only provide sketches of proofs whose details are easy to fill in.
This appendix is organized as follows. We first recall the concepts of H-vortices
and results proved in [22]. Then we state and prove technical results analogous to
Proposition 3.6, 3.7 and 3.8.
Definition A.1.
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(1) A K-Lagrangian of the Hamiltonian K-manifold (X,ωX , µ) is a compact
K-invariant Lagrangian submanifold L which is contained µ−1(0).
(2) A gauged map from an open subset Σ ⊂ H to X (resp. a vortex on (Σ, ∂Σ))
is a gauged map v = (u, a) from Σ→ X (resp. a vortex on Σ) satisfying
(A.1) u(∂Σ) ⊂ L.
(3) An H-vortex is a bounded vortex over (H, ∂H).
When use exponential maps to identify a small infinitesimal deformation with
a geometric object (and for some other conveniences) we need a metric on X
satisfying special conditions.
Definition A.2. A Riemannian metric hX on X is called (ωX , µ, J, L)-admissible
if
(1) hX is K-invariant;
(2) J is isometric with respect to hX ;
(3) TL and JTL are orthogonal with respect to hX ;
(4) Tµ−1(0) is orthogonal to JXa with respect to hX , for all a ∈ k.
(5) L is totally geodesic with respect to hX .
By [22, Lemma A.3] there exist such admissible metrics on X.
A.1. Asymptotic Behavior of H-vortices. Now we consider the asymptotic
behavior of H-vortices, which is very much analogous to the case of C-vortices. We
denote
SR := HrBR.
Proposition A.3. (cf. [22])
(1) If v = (u, a) is a bounded vortex on SR, then there is a K-orbit O ⊂ L such
that
lim
z→∞
d(u(z), O) = 0.
(2) If vi = (ui, ai) is a sequence of vortices on SR that converges to v∞ =
(u∞, a∞) in c.c.t., then there exist K-orbits Oi ⊂ L, including i =∞, such
that
(A.2) lim
z→∞
d(ui(z), Oi) = 0,
uniformly in i. Moreover, Oi converges to O∞ in L¯.
Proof. Only Part (1) of this proposition is included in [22]. Part (2) follows from
the convergence of energy and the annulus lemma for vortices over H (see [22,
Proposition A.11]), where the estimates can be established uniformly for each ele-
ment of the sequence. Therefore the convergence (A.2) is uniform for all i. Since
42 VENUGOPALAN AND XU
ui converges to u∞ uniformly on compact subsets, it follows that Oi converges to
O∞. 
Proposition A.4. Let v be a bounded vortex on SR. Then for any  > 0, we have
lim sup
z→∞
[
|z|4−e(v)(z)
]
< +∞.
Further, if vi is a sequence of vortices on SR that converges to v∞ in c.c.t., then
sup
i
lim sup
z→∞
[
|z|4−e(vi)(z)
]
< +∞.
Proof. For paths (x, s) : [0, pi] → X × k such that x(0), x(pi) ∈ L and such that
x([0, pi]) has sufficiently small diameter, one can define the local equivariant sym-
plectic action
AKloc(x, s) := −
∫
D
u∗ω +
∫ pi
0
µ(x(θ)) · s(t)dθ.
This local action is invariant under gauge transformations g ∈ C∞(S1, K). Notice
that the first term is the ordinary local action Aloc for paths.
Let (τ, θ) ∈ [1,+∞) × [0, pi] be the cylindrical coordinate on H near infinity.
By Theorem A.3, by using a gauge transformation, one can assume that for τ
sufficiently large, u(τ, θ) lies in a neighborhood of the K-orbit of a point x ∈ L.
Choose a slice of the K-action through x, which is an embedded submanifold Sx
through x that is transverse to K-orbits. We choose Sx in such a way that it is
orthogonal to the K-orbit at x. Since the K-action on L is free, for τ large, u(τ, t)
is contained in a region where the K-action is free. Then there exists a unique
smooth map g(τ, θ) ∈ K such that g(τ, θ)u(τ, θ) ∈ Sx. Then we replace (u, a) by
g · (u, a) and denote (xτ , sτ ) = (u(τ, ·), ψ(τ, ·)), where ψ is the dθ component of a.
The local equivariant action of (xτ , sτ ) is then defined.
By the usual isoperimetric inequality ([12, Theorem 4.4.1 (ii)]), for any c > 1/2pi,
there exists δ > 0 such that for l(x) ≤ δ, Aloc(x) ≤ cl(x)2. Choose c′ ∈ (1/2pi, c).
For appropriate choice of  and large s, one has
AKloc(xτ , sτ ) = Aloc(xτ ) +
∫ pi
0
µ(xτ (θ)) · sτ (θ)dθ
≤ c′l(xτ )2 + 2
∫ pi
0
|sτ (θ)|2dθ + 1
22
∫ pi
0
|µ(xτ (θ)|2dθ
≤ pic′
[∫ pi
0
(|x′τ (θ)|2 + |Xsτ (xτ (θ))|2 + e2τ |µ(xτ (θ))|2)dθ]
= pic′
[∫ pi
0
(|x′τ (θ) +Xξτ (θ)(xτ (θ))|2 + e2τ |µ(xτ (θ))|2)dθ − 2∫ pi
0
〈x′τ (θ),Xξτ (θ)(xτ (θ))〉dθ
]
.
Note that since xτ (θ) ∈ Sx and Sx is orthogonal to K-orbits at x, one has
〈 x′τ (θ),Xsτ (θ)(xτ (θ)) 〉 ≤ c1d(xτ (θ), x)|x′τ (θ)||Xsτ (θ)(xτ (θ))|
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for some constant c1 > 0. Then for τ large enough so that d(xτ (θ), x) is sufficiently
small, one has
AKloc(xτ , sτ ) ≤ pic
[∫ pi
0
(|x′τ (θ) +Xsτ (θ)(xτ (θ))|2 + e2τ |µ(xτ (θ))|2)dθ] .
Lastly, it is standard to check that for τ large enough, AKloc(xτ , sτ ) is equal to the
energy of the restriction of v to Seτ . Then the above implies that
(A.3)
d
dτ
[
eτ/cpiE(v;Seτ )
]
≤ 0 =⇒ lim sup
τ→+∞
[
eτ/cpiE(v;Seτ )
]
< +∞.
Notice that 1/cpi can be arbitrarily close to 2. By the mean-value estimate and the
relation between Euclidean and cylindrical coordinates, one obtain the pointwise
bound
lim
z→∞
[
|z|4−e(v)(z)
]
< +∞.
Finally, the convergence in c.c.t. implies that the above estimates can all be
extended uniformly to the sequence vi. This finishes the proof of the proposition.

Now we prove an analogue of Proposition 2.7.
Proposition A.5. Let v = (u, a) be a bounded vortex on SR in temporal gauge,
i.e., a = fdθ. Then there exist x0 ∈ L and a map k0 ∈ W 1,p([0, pi], G) such that
(1)
(A.4) lim
r→+∞
sup
θ∈[0,pi]
d
(
x0, k0(θ)
−1u(r cos θ, r sin θ)
)
= 0;
(2) For any p > 2 and 0 < γ < 2
p
, there is a constant c > 0 such that
(A.5) sup
r≥1
[
rγ
∥∥∥a(r, ·) + (∂θk0)k−10 ∥∥∥
Lp([0,pi])
]
< +∞.
(3) If vi is a uniformly bounded sequence of vortices over SR in radial gauge,
then the above upper limits are uniformly bounded for all i.
Proof. Let (τ, θ) be the cylindrical coordinate on H, i.e., s + it = eτ+iθ. Over the
strip Dτ0 = [τ0, τ0 + 1]× [0, pi], one write a = ψ˜dθ. Then the affine vortex equation
reads
∂τu+ J(∂θu+Xψ˜) = 0, ∂τ ψ˜ + e
2τµ(u) = 0.
Let e(τ, θ) be the energy density function with respect to the cylindrical coordi-
nates, i.e.,
e(τ, θ) = |∂τu|2 + e2τ |µ(u)|2.
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In order to carry out the following estimate, instead of the standard metric ωX(·, J ·),
we use an admissible metric (see Definition A.2) to define the energy density. Then,
by [22, Lemma A.8], there exists a constant c1 > 0 such that
∆e ≥ e4τω(Xµ, JXµ)− c1(e+ e2).
By Proposition A.4, the energy density function e decays uniformly as s → +∞.
Hence for s sufficiently large, we may assume for some c2 > 0,
(A.6) ∆e ≥ 1
c2
e4τ |µ(u)|2 − c2e.
On the other hand, since the metric is admissible, one can extend e across the
boundary of the strip by reflection. Let e˜ be the extension of e, which still satisfies
the differential inequality (A.6).
Sublemma. [9, Lemma 9.2] Suppose h, f : BR+r → [0,+∞) satisfy ∆h ≥ f − ch.
Then ∫
BR
f ≤ (c+ 4
r2
)
∫
BR+r
h.
Apply this sublemma to f = c−12 e
4τ |µ(u)|2 (which is extended across the bound-
ary by reflection), h = e˜, by (A.3), for any  > 0 and some c3 > 0,∫
Dτ0
e4τ |µ(u)|2dτdθ ≤ c3e−(2−)τ0 .
Then for some c4 > 0,
‖µ(u)‖Lp(Dτ0 ) ≤ ‖µ(u)‖
2
p
L2‖µ(u)‖
1− 2
p
L∞ ≤ c4e−(2+
2
p
−)τ0 .
Then if τ0 ≤ τ1 ≤ τ2 ≤ τ0 + 1, we have∣∣ψ˜(τ2, θ)− ψ˜(τ1, θ)∣∣ = ∣∣ ∫ τ2
τ1
∂τ ψ˜(τ, θ)dτ
∣∣ = ∣∣ ∫ τ2
τ1
e2τµ(u)dτ
∣∣
≤ e2τ0+2
∫ τ0+1
τ0
|µ(u(τ, θ))|dτ ≤ e2τ0+2
[∫ τ0+1
τ0
|µ(u(τ, θ))∣∣pdτ] 1p .
Hence for some c5 > 0,
‖ψ˜(τ2, ·)− ψ˜(τ1, ·)‖Lp([0,pi]) ≤ e2τ0+2‖µ(u)‖Lp(Dτ0 ) ≤ c5e−(
2
p
−)τ0 .
This implies that ψ˜(τ, ·) converges in Lp to a function ψ˜∞ ∈ Lp([0, pi], k). Define k0
by
(∂θk0)k
−1
0 = −ψ˜∞, k0(0) = Id.
Then, similar to the case of C-vortices, we can find x0 ∈ L and to see that (A.4)
and (A.5) hold. 
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A.2. More technical results. Let p > 2 and δ ∈ (1− 2
p
, 1).
For any open subset S ⊂ H, let M˜K(S,X,L) be the set of smooth vortices
v = (u, a) in X with boundary condition u(∂S) ⊂ L and let M˜K(S,X,L)1,ploc be the
set of vortices of regularity W 1,ploc . Let M
K(S,X,L) be the set of gauge equivalence
classes, which is equipped with the compact convergence topology.
Sn
Sn+1
Rn
Figure 1.
Proposition A.6. Given R ≥ 1. Assume a sequence vi = (ui, ai) ∈ M˜K(SR, X, L)
converge to v∞ = (u∞, a∞) ∈ M˜K(SR, X, L) in c.c.t.. Then there exist a sequence
of gauge transformations gi ∈ K2,ploc (SR) (including i = ∞) such that, if we write
gi · ai = aˇi, then
∗ aˇi|R = 0, sup
1≤i≤∞
‖aˇi‖W 1,p,δ(SR) < +∞.
Sketch of Proof. This proposition is analogous to Proposition 3.6. Again we only
work with the case of a single vortex but the estimates below can be extended
uniformly to the sequential case. Identify SR with an infinite strip [logR,+∞) ×
[0, pi] via the exponential map. Transform a into radial gauge, i.e., a(τ, θ) = fτ (θ)dθ.
By Proposition A.5, there exists k0 ∈ W 1,p([0, pi], K) such that
sup
r≥R
[
eτγ‖fτ + (∂θk0)k−10 ‖Lp([0,pi])
]
< +∞.
In other words, k−10 , viewed as a gauge transformation of regularity W
1,p, which is
independent of τ , transforms a to an Lp connection with exponential decay. Cover
S˜R by countably many compact subsets Sn with smooth boundaries such that Sn
and Sn+1 differ by a translation of S˜R which is independent of n (see Figure A.2).
Moreover, each intersection Sn ∩Sn+1 contains a rectangle Rn which can cover S˜R.
Then Lemma 5.2 implies that one can transform k−10 · a by a gauge transformation
gn ∈ K1,p(Sn) such that over each Sn, k0gn is smooth and (k0gn)−1 · a has similar
estimates as in the proof of Proposition 3.6, where all constants are independent
of n. Moreover, choose cut-off functions βn : Sn ∩ Sn+1 → [0, 1] which equals 1
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to the right of Rn and equals 0 to the left of Rn and such that different βn’s are
translations from each other. So when we glue gn with gn+1 by using βn, we can
get similar estimates as in the proof of Proposition 3.6. Moreover, if we require
that βn|Rn only depends on the horizontal coordinate, then the boundary condition
persists under the gluing. 
Proposition A.7. Suppose we have a sequence voi ∈ M˜K(H, X, L) that converges
to vo∞ ∈ M˜K(H, X, L) in c.c.t.. Then there exists a sequence of gauge transforma-
tions gi ∈ K2,ploc (H) such that if we denote gi · voi = (ui, ai), then ui converges to
u∞ uniformly. Moreover, for i sufficiently large, define ξi ∈ W 2,ploc (H, u∗∞TX)L by
ξi = exp
−1
u∞ ui. Then
lim
i→∞
[
‖ai−a∞‖Lp,δ+‖Fai−Fa∞‖Lp,δ+‖∇a∞ξi‖Lp,δ+‖dµ(u∞)·Jξi‖Lp,δ+‖dµ(u∞)·ξi‖Lp,δ
]
= 0.
Sketch of Proof. This proposition is analogous to Proposition 3.7 and the proof
is almost the same word-by-word. The only difference is that when we do local
estimates, the boundary conditions need to be addressed. We left the details to
the reader. 
A.2.1. Coulomb gauge. Assume a ∈ W 1,ploc (H,Λ1⊗ k). For α ∈ W 1,ploc (H,Λ1⊗ k), one
has the formal adjoint
d ∗aα ∈ Lploc(H, k).
We also have the distributional adjoint d †a of da defined by
(d †au)(ϕ) = 〈u, daϕ〉
for smooth u and ϕ. d ∗a 6= d †a classically because of the boundary contribution.
Hence we distinguish the following analogue of Proposition 3.8 in two cases.
Proposition A.8. Suppose v = (u, a) ∈ M˜K(H, X, L)1,ploc such that a ∈ W 1,p,δ(H,Λ1⊗
g). Then there are constants coul, ccoul, δcoul > 0 satisfying the following condition.
(1) For any α ∈ W 1,p,δ(H,Λ1 ⊗ k) and ξ ∈ W 1,ploc (H, u∗TX)L satisfying
∗ α|R = 0, ‖α‖Lp,δ + ‖ξ‖L∞ + ‖d ∗aα + dµ(u) · Jξ‖Lp,δ ≤ coul,(A.7)
there exists a unique s ∈ W 2,p,δn (C, k) satisfying
d ∗a (e
s · (a+ α)− a) + dµ(u) · (J exp−1u (es expu ξ)) = 0, ‖s‖W 2,p,δ ≤ δcoul.
Further, ‖s‖W 2,p,δ ≤ ccoul‖d ∗aα + dµ(u) · Jξ‖Lp,δ .
(2) For any α ∈ Lploc(H,Λ1 ⊗ k) and ξ ∈ Lploc(H, u∗TX) satisfying
(A.8) ‖α‖Lp,δ + ‖ξ‖L∞ + ‖d †aα + dµ(u) · Jξ‖W−1,p,δ ≤ coul,
there exists a unique s ∈ W 1,p,δ(H, g) satisfying
d †a(e
s · (a+ α)− a) + dµ(u) · (J exp−1u (es expu ξ)) = 0, ‖s‖W 1,p,δ ≤ δcoul.
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Further, ‖s‖W 1,p,δ ≤ ccoul‖d †aα + dµ(u) · Jξ‖W−1,p,δ .
To prove this theorem, one needs to apply the implicit function theorem. The
various estimates similar to those in the proof of Proposition 3.8 can be proved
without much difference. However, a key ingredient is Calderon’s theorem (Lemma
7.3), which is not completely the same.
Proposition A.9. Assume p ≥ 2.
(1) d ∗d+ Id : W 2,pn (H)→ Lp(H) is an isomorphism.
(2) d †d+ Id : W 1,p(H)→ W−1,p(H) is an isomorphism.
Proof. For Part (1), if u+ ∈ ker(d ∗d+ Id) ⊂ W 2,pn (H), then extend u+ to the lower
half plane H by reflection, i.e., define
(A.9) u(z) =
 u+(z), z ∈ Hu+(z¯), z ∈ H.
Since ∂tu+(s, 0) = 0, u ∈ W 2,p(C). By Lemma 7.3, u = 0. Hence ker(d ∗d + Id) =
{0}. To prove it is surjective, for any f+ ∈ Lp(H), extends it to f ∈ Lp(C) by the
same formula (A.9). By Lemma 7.3, there is u ∈ W 2,p(C) such that −∆u+ u = f .
By the reflection symmetry of the operator ∆ and f and the uniqueness of u, we
know that ∂tu+(s, 0) = 0. Then d
∗du+ + u+ = f+ where u+ is the restriction of u
to H.
The proof of Part (2) is essentially the same. For u+ ∈ ker(d †d+ Id) ⊂ W 1,p(H),
extends it to u by the reflection (A.9), which lies in W 1,p(C). By Lemma 7.3,
u = 0 so the kernel is trivial. To prove it is surjective, first notice that any pair
of distributions f+ ∈ W−1,p(H), g− ∈ W−1,p(H) define a distribution f+ ∪ g− ∈
W−1,p(C) by
〈f+ ∪ g−, ϕ+ ∪ ϕ−〉 = 〈f+, ϕ+〉H + 〈g−, ϕ−〉H, ∀ϕ ∈ W 1,q(C),
where q = p
p−1 and ϕ+ and ϕ− are the restrictions of ϕ to the upper and lower half
plane, respectively. We call f the union of f− and f+.
Let R : H → H be the complex conjugation. We claim that if f+ ∈ W−1,p(H)
and f− = R∗f+ ∈ W−1,p(H) such that f+ ∪ f− = 0, then f+ = 0. Indeed, for
any ϕ+ ∈ W 1,q(H) define ϕ− = R∗ϕ+ ∈ W 1,q(H). Then ϕ+ ∪ ϕ− ∈ W 1,q(H).
Therefore,
0 = 〈f+ ∪ f−, ϕ+ ∪ ϕ−〉 = 〈f+, ϕ+〉H + 〈f−, ϕ−〉H.
The two summands on the right hand side are equal. Hence 〈f+, ϕ+〉H = 0.
Now take any f+ ∈ W−1,p(H) and we would like to find u+ ∈ W 1,p(H) such
that d †du− + u− = f+. By Lemma 7.3, there is a unique u ∈ W 1,p(C) such that
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−∆u+ u = f+ ∪ f− and R∗u = u. Then for any smooth test function ϕ ∈ C∞0 (C),
we see that
〈d †du+ + u+, ϕ+〉H + 〈d †du− + u−, ϕ−〉H
= 〈u, ϕ〉+ 〈du+, dϕ+〉H + 〈du−, dϕ−〉H
= 〈u, ϕ〉+ 〈u+, d ∗dϕ+〉+ 〈u−, d ∗dϕ−〉H
= 〈u+ d ∗du, ϕ〉
= 〈f, ϕ〉.
Here the second equality holds because the boundary contributions cancel. Hence
f+ ∪ f− = (d †du+ + u+) ∪ (d †du− + u−), or
0 = (f+ − d †du+ − u+) ∪ (f− − d †du− − u−).
However the two parts are reflections from each other. Therefore d †du− + u− =
f+. 
A.3. The local model. Given an H-vortex v = (u, a) ∈ M˜K(H, X, L)1,ploc, its
infinitesimal deformations are pairs (ξ, α) where ξ ∈ W 1,ploc (H, u∗TX)L and α ∈
W 1,ploc (H,Λ1⊗ k)N . The space of gauge transformations is K2,ploc (H)N which contains
g ∈K2,ploc (H) satisfying the Neumann boundary condition ∂tg|R = 0.
We define the norm ‖ · ‖p,δ of (ξ, α) by the same formula as (3.1), and let Bˆv be
the space of all (ξ, α) with finite ‖ · ‖p,δ norm.
Take a small  > 0 and denote Bˆv the -ball of Bˆv centered at the origin.
For  small enough, we use the exponential map exp of an admissible metric (see
Definition A.2) to identify an element ξ ∈ Bˆv with concrete geometric objects.
Notice that since L is totally geodesic, for any ξ ∈ Bˆv and expv ξ = (u′, a′), u′ still
satisfies the Lagrangian boundary condition.
Define Eˆ→ Bˆv the Banach space bundle whose fibre at v′ = (u′, a′) is
Eˆv′ = L
p,δ(H, E+u′) = L
p,δ(H, (u′)∗TX ⊕ k⊕ k).
The vortex equation plus the Coulomb gauge condition relative to v gives the
section Fˆv : Bˆ

v → Eˆ defined by the same formula as (3.2).
On the other hand, one use the Levi-Civita connection of ωX(·, J ·) to differentiate
Fˆv. The linearization at v, denoted by Dˆv : Bˆv → Eˆv, has the same expression as
(2.5).
For any v = (u, a) ∈ M˜K(H, X, L), by Proposition A.5, one can use a gauge
transformation g ∈ K1,ploc (H) to transform it so that g · u can be extended to a
continuous map from the unit disk D to X with boundary mapped into L. Hence
v represents a homology class β ∈ H2(X,L). It is easy to see that β only depends
on the gauge equivalence class of v. For any β ∈ H2(X,L), let M˜K(H, X, L; β) ⊂
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M˜K(H, X, L) be the subset of vortices that represent β, and let MK(H, X, L; β)
be the corresponding set of gauge equivalence classes, which is closed under the
compact convergence topology.
Let ν(β) ∈ Z be the Maslov index of β.
Proposition A.10. Given v ∈ M˜K(H, X, L; β), Dˆv is Fredholm with index
ind
(
Dˆv
)
= n¯+ ν(β).
Sketch of Proof. It is analogous to Proposition 3.2 and the proof is similar. Two
key ingredients, the Lagrangian boundary value problem versions of Lemma 4.2
and Lemma 4.7 can be established without difficulty. 
An H-vortex v is regular if Dˆv : Bˆv → Eˆv is surjective for all p > 2 and
δ ∈ (1 − 2
p
, 1). For β ∈ H2(X,L), denote by M˜K(H, X, L; β)reg the set of regular
H-vortices representing the class β, and by MK(H, X, L; β)reg the set of gauge
equivalence classes, with the compact convergence topology which is Hausdorff.
Given v ∈ M˜K(H, X, L; β)reg, for  sufficiently small, the subset
U v := (Fˆ)
−1(0) ∩ Bˆv
is a smooth manifold with dimension equal to ind(Dˆv). We have the continuous
map
φˆv : U

v →MK(H, X; β)
by ξ 7→ expv ξ. As in the case of C-vortices, we need to prove the following
proposition.
Proposition A.11. There exists  > 0 such that φˆv : U

v → MK(H, X, L; β) is a
homeomorphism onto its image.
Sketch of Proof. We first prove injectivity by contradiction. Suppose on the con-
trary that there exist a sequence i → 0 and two sequences
ξi = (ξi, αi), ξ
′
i = (ξ
′
i, α
′
i) ∈ Bˆiv
such that expv ξi is gauge equivalent to expv ξ
′
i, via a smooth gauge transformation
esi : H → K. Then by the boundary condition on αi, α′i, one has si ∈ Γn(H, g).
By a similar argument as in the proof of Proposition 3.4, we can show that for i
sufficiently large, si must be zero (we need to use the uniqueness of Part (1) of
Proposition A.8), which is a contradiction.
For surjectivity, suppose on the contrary that a sequence voi ∈ M˜K(H, X, L; β)
converge to v in c.c.t., and all [voi ] are not contained in the image of φˆ

v for any
. Then by Proposition A.7, there exists a sequence of gauge transformations gi ∈
K
2,p
loc (H) such that the sequence vi := gi ·voi satisfy conditions listed in Proposition
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A.7. Then for i large, vi satisfies (A.8) relative to v. Hence by Proposition A.8,
there exists si ∈ W 1,p,δ(H, k) such that es · vi is in weak Coulomb gauge relative to
v∞. Elliptic regularity shows that si ∈ W 2,ploc and ∗dsi|R = 0. Then we can write
gi · vi = expv ξi. By extending the regularity result Lemma 3.10, one can prove
that ξi ∈ Bˆv and ‖ξi‖p,δ → 0. Then for large i, [voi ] should in the image of φˆv,
which is a contradiction. 
This implies that φˆv provides a local coordinate chart on M
K(H, X, L; β), for
any β ∈ H2(X,L). It is routine to argue like in Subsection 3.3 that the transition
functions among these charts are smooth. Therefore we finishes the construction
of the smooth manifold structure on MK(H, X, L; β)reg.
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